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Problem 1 
The job is to conduct a first-cut shaft diameter estimation. Designed shaft needs to transmit 

1000 N-m torque with superimposed 250 N-m alternating torque due to torsional vibration. 

Shaft material is a heat- treated alloy steel with Sut=1.2GPa and Sy=1.0GPa. The shaft has a 

shoulder with designated D/d=1.2 and r/d=0.05. Shaft surface demands a good quality ground 

finish. Reliability target of the designed shaft is 95 percent. 

a. What is the minimal diameter required for infinite life? 

b. Identify your assumptions made to get estimated diameter. 

Solution:  

a. For this question, we are asked to determine the minimal diameter required for infinite 

life.  

௠ܯ ൌ 0	 N ⋅ m 

௔ܯ ൌ 0	 N ⋅ m 

௠ܶ ൌ 1000	 N ⋅ m 

௔ܶ ൌ 250	 N ⋅ m 

Assume 2.79 ൑ ݀ ൑ 51	 mm 

And 

൜
ܵ௨௧ ൌ 1.2	 GPa ൌ 174.0452927	 ksi
ܵ௬ ൌ 1.0	 GPa ൌ 145.0377439	 ksi  

Therefore, the endurance limit is equal to 

ܵ௘ᇱ ൌ 0.5ܵ௨௧ ൌ 0.5 ൈ 1.2	 GPa ൌ 600	 MPa 

Next, we consider to modify the endurance limit.  

Surface Condition (ground):  

݇௔ ൌ ܽܵ௨௧
௕ ൌ 1.58 ൈ 1200ି଴.଴଼ହ ൌ 0.8648 

Size Effect: 
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݇௕ ൌ ൬
݀ ൈ 1000
7.62

൰
ି଴.ଵ଴଻

 

Loading Effect (torsion):  

݇௖ ൌ 0.59 

Temperature Effect (room temperature): 

݇ௗ ൌ 1 

Reliability Effect (95%): 

݇௘ ൌ 0.868 

Therefore, the modified endurance limit is equal to  

ܵ௦௘ ൌ ݇௔݇௕݇௖݇ௗ݇௘ܵ௘ᇱ

ൌ 0.8648 ൈ ൬
݀ ൈ 1000
7.62

൰
ି଴.ଵ଴଻

ൈ 0.59 ൈ 1 ൈ 0.868 ൈ 600	 MPa 

From Table A-15-8, I can know that the stress concentration factor for D/d=1.2 and 

r/d=0.05 round shaft with shoulder fillet is equal to  

௧௦ܭ ൌ 1.6 

And because the stress in this question is torsion,  

√ܽ ൌ 0.190 െ 2.51 ൈ 10ିଷܵ௨௧ ൅ 1.35 ൈ 10ିହܵ௨௧ଶ െ 2.67 ൈ 10ି଼ܵ௨௧
ଷ

ൌ 0.190 െ 2.51 ൈ 10ିଷ ൈ 174.0452927 ൅ 1.35 ൈ 10ିହ

ൈ 174.0452927ଶ െ 2.67 ൈ 10ି଼ ൈ 174.0452927ଷ ൌ 0.0213 

⇒ ܽ ൌ 4.5456 ൈ 10ିସ 

The fatigue stress concentration is equal to  

௙௦ܭ ൌ 1 ൅
ሺܭ௧௦ െ 1ሻ

1 ൅ ටܽݎ

ൌ 1 ൅
ሺ1.6 െ 1ሻ

1 ൅ ට 4.5456 ൈ 10ିସ
0.05݀ ൈ 100 ൈ 0.39370078740

 

And  
1
݊
ൌ
௔ᇱߪ

ܵ௘
൅
௠ᇱߪ

ܵ௨௧
 

For the minimal diameter required for infinite life,  

݊ ൌ 1 

Therefore,  

1 ൌ
௔ᇱߪ

ܵ௘
൅
௠ᇱߪ

ܵ௨௧
 

 

1 ൌ
ቈ൬
௔ܯ௙ܭ32

ଷ݀ߨ ൰
ଶ

൅ 3 ൬
௙௦ܭ16 ௔ܶ

ଷ݀ߨ ൰
ଶ

቉

ଵ
ଶ

ܵ௘
൅
ቈ൬
௠ܯ௙ܭ32

ଷ݀ߨ ൰
ଶ

൅ 3 ൬
௙௦ܭ16 ௠ܶ

ଷ݀ߨ ൰
ଶ

቉

ଵ
ଶ

ܵ௨௧
 

1 ൌ
ቈ൬
௙ܭ32 ⋅ 0
ଷ݀ߨ ൰

ଶ

൅ 3 ൬
௙௦ܭ16 ௔ܶ

ଷ݀ߨ ൰
ଶ

቉

ଵ
ଶ

ܵ௘
൅
ቈ൬
௙ܭ32 ⋅ 0
ଷ݀ߨ ൰

ଶ

൅ 3 ൬
௙௦ܭ16 ௠ܶ

ଷ݀ߨ ൰
ଶ

቉

ଵ
ଶ

ܵ௨௧
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1 ൌ
ቈ3 ൬

௙௦ܭ16 ௔ܶ

ଷ݀ߨ ൰
ଶ

቉

ଵ
ଶ

ܵ௘
൅
ቈ3 ൬

௙௦ܭ16 ௠ܶ

ଷ݀ߨ ൰
ଶ

቉

ଵ
ଶ

ܵ௨௧
 

1 ൌ
௙௦ܭ3√16
ଷ݀ߨ

൬ ௔ܶ

ܵ௘
൅ ௠ܶ

ܵ௨௧
൰ 

1 ൌ

16√3

ۏ
ێ
ێ
ۍ
1 ൅

ሺ1.6 െ 1ሻ

1 ൅ ට 4.5456 ൈ 10ିସ
0.05݀ ൈ 100 ൈ ے0.39370078740

ۑ
ۑ
ې

ଷ݀ߨ

ൈ ൮
250	 N ⋅ m

0.8648 ൈ ቀ݀ ൈ 1000
7.62 ቁ

ି଴.ଵ଴଻

ൈ 0.59 ൈ 1 ൈ 0.868 ൈ 600	 MPa

൅
1000	 N ⋅ m
1.2	 GPa

൲ 

⇒ ݀ ൌ 0.02974	 m ൌ 29.74	 mm 

b. For this question, we are asked to identify your assumptions made to get estimated 

diameter. 

Because 2.79 ൑ ݀ ൌ 29.74 ൑ 51	 mm, the assumption is satisfied.  

Problem 2 
The rotating solid steel shaft is simply supported by bearings at points B and C and is driven 

by a gear (not shown) which meshes with the spur gear at D, which has a 150-mm pitch 

diameter. The force F from the drive gear acts at a pressure angle of 20°. The shaft transmits a 

torque to point A of TA = 340 N · m. The shaft is machined from steel with Sy = 420 MPa and 

Sut = 560 MPa. 

Using a factor of safety of 2.5, determine the minimum allowable diameter of the 250-mm 

section of the shaft based on (a) a static yield analysis using the distortion energy theory and 

(b) a fatigue-failure analysis. Assume sharp fillet radii at the bearing shoulders for estimating 

stress-concentration factors. 
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Solution:  

For this question, we are asked to determine the minimum allowable diameter of the 250-mm 

section of the shaft based on (a) a static yield analysis using the distortion energy theory and 

(b) a fatigue-failure analysis. Assume sharp fillet radii at the bearing shoulders for estimating 

stress-concentration factors. 

From the force analysis, I can know that  

ܨ cos 20° ܴ ൌ ஺ܶ 

⟹ ܨ ൌ ஺ܶ

ܴ cos 20°
ൌ

340	 N ⋅ m
ሺ150	 mmሻ

2 cos 20°
ൌ 4.8243 ൈ 10ଷ	 N 

And the maximum bending moment occurs at point C, which is equal to  

஼ܯ ൌ ஼஽ݔܨ ൌ ሺ4.8243 ൈ 10ଷ	 Nሻ ൈ ሺ100	 mmሻ ൌ 4.8243 ൈ 10ଶ	 N ⋅ m 

Therefore, we can know that at point C: 

௠ܯ ൌ 0	 N ⋅ m 

௔ܯ ൌ 4.8243 ൈ 10ଶ	 N ⋅ m 

௠ܶ ൌ 340	 N ⋅ m 
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௔ܶ ൌ 0	 N ⋅ m 

For sharp fillet, ܭ௧ ൌ 2.7 and ܭ௧௦ ൌ 2.2. 

And,  

√ܽ ൌ 0.246 െ 3.08 ൈ 10ିଷܵ௨௧ ൅ 1.51 ൈ 10ିହܵ௨௧ଶ െ 2.67 ൈ 10ି଼ܵ௨௧
ଷ

ൌ 0.246 െ 3.08 ൈ 10ିଷ ൈ 81.22 ൅ 1.51 ൈ 10ିହ ൈ 81.22ଶ െ 2.67 ൈ 10ି଼

ൈ 81.22ଷ ൌ 0.081146 

⇒ ܽ ൌ 6.58462 ൈ 10ିଷ 

The fatigue stress concentration is equal to  

௙ܭ ൌ 1 ൅
ሺܭ௧ െ 1ሻ

1 ൅ ටܽݎ

ൌ 1 ൅
ሺ2.7 െ 1ሻ

1 ൅ ට 6.58462 ൈ 10ିଷ
0.02݀ ൈ 100 ൈ 0.39370078740

 

√ܽ ൌ 0.190 െ 2.51 ൈ 10ିଷܵ௨௧ ൅ 1.35 ൈ 10ିହܵ௨௧ଶ െ 2.67 ൈ 10ି଼ܵ௨௧
ଷ

ൌ 0.190 െ 2.51 ൈ 10ିଷ ൈ 81.22 ൅ 1.35 ൈ 10ିହ ൈ 81.22ଶ െ 2.67 ൈ 10ି଼

ൈ 81.22ଷ ൌ 0.06089 

⇒ ܽ ൌ 3.7072 ൈ 10ିଷ 

The fatigue stress concentration is equal to  

௙௦ܭ ൌ 1 ൅
ሺܭ௧௦ െ 1ሻ

1 ൅ ටܽݎ

ൌ 1 ൅
ሺ2.2 െ 1ሻ

1 ൅ ට 3.7072 ൈ 10ିଷ
0.02݀ ൈ 100 ൈ 0.39370078740

 

 

Assume ݍ ൌ 0.8 and ݍ௦ ൌ 0.9.  

So,  

௙ܭ ൌ 1 ൅ ௧ܭሺݍ െ 1ሻ ൌ 1 ൅ 0.8ሺ2.7 െ 1ሻ ൌ 2.4 

௙௦ܭ ൌ 1 ൅ ௧௦ܭ௦ሺݍ െ 1ሻ ൌ 1 ൅ 0.9ሺ2.2 െ 1ሻ ൌ 2.1 

(a)   
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௠௔௫ߪ
ᇱ ൌ ሾሺߪ௠ ൅ ௔ሻଶߪ ൅ 3ሺ߬௠ ൅ ߬௔ሻଶሿ

ଵ
ଶ ൌ ൥ቆ

௠ܯ௙ሺܭ32 ൅ܯ௔ሻ

ଷ݀ߨ
ቇ
ଶ

൅ 3ቆ
௙௦ሺܭ16 ௠ܶ ൅ ௔ܶሻ

ଷ݀ߨ
ቇ
ଶ

൩

ଵ
ଶ

ൌ

ە
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۓ

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ
32 ൈ

ۉ

1ۇ ൅
ሺ2.7 െ 1ሻ

1 ൅ ට 6.58462 ൈ 10ିଷ
0.02݀ ൈ 100 ൈ ی0.39370078740

ۊ ൈ ሺ4.8243 ൈ 10ଶ	 N ⋅ mሻ

ଷ݀ߨ

ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې
ଶ

൅ 3

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ
16 ൈ

ۉ

1ۇ ൅
ሺ2.2 െ 1ሻ

1 ൅ ට 3.7072 ൈ 10ିଷ
0.02݀ ൈ 100 ൈ ی0.39370078740

ۊ ൈ ሺ340	 N ⋅ mሻ

ଷ݀ߨ

ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې
ଶ

ۙ
ۖ
ۖ
ۖ
ۘ

ۖ
ۖ
ۖ
ۗ

ଵ
ଶ

 

And 
௠௔௫ߪ݊

ᇱ ൌ ܵ௬ 

2.5

ൈ

ە
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۓ

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ
32 ൈ

ۉ

1ۇ ൅
ሺ2.7 െ 1ሻ

1 ൅ ට 6.58462 ൈ 10ିଷ
0.02݀ ൈ 100 ൈ ی0.39370078740

ۊ ൈ ሺ4.8243 ൈ 10ଶ	 N ⋅ mሻ

ଷ݀ߨ

ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې
ଶ

൅ 3

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ
16 ൈ

ۉ

1ۇ ൅
ሺ2.2 െ 1ሻ

1 ൅ ට 3.7072 ൈ 10ିଷ
0.02݀ ൈ 100 ൈ ی0.39370078740

ۊ ൈ ሺ340	 N ⋅ mሻ

ଷ݀ߨ

ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې
ଶ

ۙ
ۖ
ۖ
ۖ
ۘ

ۖ
ۖ
ۖ
ۗ

ଵ
ଶ

ൌ 420	 MPa 

⇒ ݀ ൌ 41.61	 mm 

(b)   
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 Assume ݀ ൒ 51	 mm 

And 

൜
ܵ௨௧ ൌ 560	 MPa
ܵ௬ ൌ 420	 MPa  

Therefore, the endurance limit is equal to 

ܵ௘ᇱ ൌ 0.5ܵ௨௧ ൌ 0.5 ൈ 560	 MPa ൌ 280	 MPa 

Next, we consider to modify the endurance limit.  

Surface Condition (machined):  

݇௔ ൌ ܽܵ௨௧
௕ ൌ 4.51 ൈ 560ି଴.ଶ଺ହ ൌ 0.843 

Size Effect: 

݇௕ ൌ 1.51ሺ݀ ൈ 1000ሻି଴.ଵହ଻ 
Loading Effect (bending):  

݇௖ ൌ 1 

Temperature Effect (room temperature): 

݇ௗ ൌ 1 

Reliability Effect: 

݇௘ ൌ 1 

Therefore, the modified endurance limit is equal to  

ܵ௦௘ ൌ ݇௔݇௕݇௖݇ௗ݇௘ܵ௘ᇱ ൌ 0.843 ൈ 1.51ሺ݀ ൈ 1000ሻି଴.ଵହ଻ ൈ 1 ൈ 1 ൈ 1 ൈ 280	 MPa 

Hence,  
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݀ ൌ ቆ
16݊
ߨ

ቊ
1
ܵ௘
ቂ4൫ܭ௙ܯ௔൯

ଶ
൅ 3൫ܭ௙௦ ௔ܶ൯

ଶ
ቃ
ଵ
ଶ ൅

1
ܵ௨௧

ቂ4൫ܭ௙ܯ௠൯
ଶ
൅ 3൫ܭ௙௦ ௠ܶ൯

ଶ
ቃ
ଵ
ଶቋቇ

ଵ
ଷ

ൌ

ۉ

ۈ
ۈ
ۈ
ۇ
16 ൈ 2.5

ߨ

ە
ۖۖ
۔

ۖۖ
ۓ

1
0.843 ൈ 1.51ሺ݀ ൈ 1000ሻି଴.ଵହ଻ ൈ 1 ൈ 1 ൈ 1 ൈ 280	 MPa

ۏ
ێ
ێ
ێ
ۍ

4

ۉ

ۈ
ۇ

ۉ

1ۇ

൅
ሺ2.7 െ 1ሻ

1 ൅ ට 6.58462 ൈ 10ିଷ
0.02݀ ൈ 100 ൈ ی0.39370078740

ۊ ൈ 4.8243 ൈ 10ଶ	 N ⋅ m

ی

ۋ
ۊ

ଶ

൅ 3

ۉ

ۈ
ۇ

ۉ

1ۇ ൅
ሺ2.2 െ 1ሻ

1 ൅ ට 3.7072 ൈ 10ିଷ
0.02݀ ൈ 100 ൈ ی0.39370078740

ۊ ൈ 0

ی

ۋ
ۊ

ଶ

ے
ۑ
ۑ
ۑ
ې

ଵ
ଶ

൅
1

560	 MPa

ۏ
ێ
ێ
ێ
ۍ

4

ۉ

ۈ
ۇ

ۉ

1ۇ ൅
ሺ2.7 െ 1ሻ

1 ൅ ට 6.58462 ൈ 10ିଷ
0.02݀ ൈ 100 ൈ ی0.39370078740

ۊ ൈ 0

ی

ۋ
ۊ

ଶ

൅ 3

ۉ

ۈ
ۇ

ۉ

1ۇ ൅
ሺ2.2 െ 1ሻ

1 ൅ ට 3.7072 ൈ 10ିଷ
0.02݀ ൈ 100 ൈ ی0.39370078740

ۊ ൈ 340	 N ⋅ m

ی

ۋ
ۊ

ଶ

ے
ۑ
ۑ
ۑ
ې

ଵ
ଶ

ۙ
ۖۖ
ۘ

ۖۖ
ۗ

ی

ۋ
ۋ
ۋ
ۊ

ଵ
ଷ

 

⇒ ݀ ൌ 55.37	 mm 

Problem 3 
The torque to be transmitted through the key from the gear to the shaft is T = 2819 in-lbf. The 

nominal shaft diameter supporting the gear is 1.00 in. Specify a square key for torque 

transmission, using a factor of safety of 1.1. Use 1020 CD steel for the key material and DET 

theory as the failure criteria for safety factor calculation. 

Solution:  
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 For this question, we are asked to specify a square key for torque transmission, using a factor 

of safety of 1.1. 

From Table 7–6, a 
ଵ

ସ
-in square key is selected. Choose 1020 CD steel for the key material, 

with a yield strength of 57 kpsi. 

From Fig. 7–19, the force F at the surface of the shaft is 

ܨ ൌ
ܶ
ݎ
ൌ
2819	 in ⋅ lbf

1	 in
2

ൌ 5638	 lbf 

By the distortion-energy theory, the shear strength is 

ܵ௦௬ ൌ 0.577ܵ௬ ൌ 0.577 ൈ 57	 kpsi ൌ 32.889	 ksi 

Failure by shear across the area ab will create a stress of ߬ ൌ  Substituting the strength .݈ݐ/ܨ

divided by the design factor for ߬ gives 

ܵ௦௬
݊
ൌ
ܨ
݈ݐ

 

32.889	 ksi
1.1

ൌ
5638	 lbf
0.25݈

 

݈ ൌ 0.754	 in 

To resist crushing, the area of one-half the face of the key is used: 

ܵ௬
݊
ൌ

ܨ
2/݈ݐ

 

57	 ksi
1.1

ൌ
5638	 lbf
0.25݈/2

 

݈ ൌ 0.87	 in 

Failure by crushing the key is the dominant failure mode, so it defines the necessary length of 

the key to be ݈ ൌ 0.87	 in.  

 






