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SI Units and Prefixes?

SI Units Quantity Unit SI Symbol Formula
SI base units: Length meter m —
Mass kilogram kg —
Time second S —
Temperature kelvin K —
SI supplementary unit: Plane angle radian rad —
SI derived units: Energy joule J N-m
Force newton N kg - m/s*
Power watt W Jis
Pressure pascal Pa N/m?
Work joule J N-m
SI prefixes Multiplication Factor Prefix SI Symbol
1 000 000 000 000 = 10" tera T
1 000 000 000 = 10° giga G
1 000 000 = 10° mega M
1000 = 10° kilo k
0.01 =102 centi” c
0.001 = 107> milli m
0.000 001 = 107° micro U
0.000 000 001 = 107" nano n
0.000 000 000 001 = 107"2 pico p

“Source: ASTM SI110-10, IEEE/ASTM SI 10 American National Standard for Metric Practice, ASTM International,

West Conshohocken, PA, 2010, www.astm.org
?To be avoided where possible.
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Conversion Factors and Definitions

Fundamental Dimension

English Unit

Exact SI Value

Approximate SI Value

Length 1 in. 0.0254 m —
Mass 1 Ibm 0.453 592 37 kg 0.454 kg
Temperature 1°F 5/9 K —
Definitions:
Acceleration of gravity: £2=9.8066 m/s? (=32.174ft/s?)
Energy: Btu (British thermal unit) = amount of energy required to raise the temperature of 1 Ibm
of water 1°F (1 Btu = 778.2 ft-1bf)
kilocalorie = amount of energy required to raise the temperature of 1 kg of water
1 K(1 kcal = 4187 J)
Length: 1 mile = 5280 ft; 1 nautical mile = 6076.1 ft = 1852 m (exact)
Power: 1 horsepower = 550 ft - 1bf/s
Pressure: 1 bar = 10° Pa
Temperature: degree Fahrenheit, Tr = %TC + 32 (where T¢ is degrees Celsius)
degree Rankine, T = TF +459.67
Kelvin, Tx =T +273.15 (exact)
Viscosity: 1 Poise = 0.1 kg/(m - s)
1 Stoke = 0.0001 m*/s
Volume: 1 gal =231 in. (1 ft® = 7.48 gal)

Useful Conversion Factors:
Length:

Mass:
Force:

Velocity:

Pressure:

Energy:

1 ft = 0.3048 m

1in. = 25.4 mm

1 Ibm = 0.4536 kg

1 slug = 14.59 kg
11bf =4.448 N

1 kgf =9.807 N

1 ft/s = 0.3048 m/s

1 ft/s = 15/22 mph

1 mph = 0.447 m/s

1 psi = 6.895 kPa

1 Ibf/ft> = 47.88 Pa

1 atm = 101.3 kPa

1 atm = 14.7 psi

1 in. Hg = 3.386 kPa
1 mm Hg = 133.3 Pa
1 Btu = 1.055 kJ
1ft-1bf =1.3561]

1 cal =4.187]

Power:

Area

Volume:

Volume flow rate:

Viscosity (dynamic)

Viscosity (kinematic)

1hp=7457 W

1 ft-1bf/s = 1.356 W

1 Btu/hr = 0.2931 W

1 f* = 0.0929 m?

1 acre = 4047 m?

1 f = 0.02832 m®

1 gal (US) = 0.003785 m®
1 gal (US) =3.785L

1 ft}/s = 0.02832 m’/s

1 gpm = 6.309 x 10™ > m*/s
1 Ibf- s/ft> = 47.88 N - s/m>
1 g/(cm-s) = 0.1 N-s/m?

1 Poise = 0.1 N - s/m”

1 ft*/s = 0.0929 m*/s

1 Stoke = 0.0001 m*/s
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Introduction

This text is written for an introductory course in fluid mechan-
ics. Our approach to the subject, emphasizes the physical
concepts of fluid mechanics and methods of analysis that
begin from basic principles. The primary objective of this text
is to help users develop an orderly approach to problem sol-
ving. Thus we always start from governing equations, state
assumptions clearly, and try to relate mathematical results
to corresponding physical behavior. We emphasize the use
of control volumes to maintain a practical problem-solving
approach that is also theoretically inclusive.

Proven Problem-Solving Methodology

The Fox-McDonald solution methodology used in this text is
illustrated in numerous examples in each chapter. Solutions
presented in the examples have been prepared to illustrate good
solution technique and to explain difficult points of theory.
Examples are set apart in format from the text so that
they are easy to identify and follow. Additional important
information about the text and our procedures is given in
“Note to Students” in Section 1.1. We urge you to study this
section carefully and to integrate the suggested procedures into
your problem-solving and results-presentation approaches.

SI and English Units

ST units are used in about 70 percent of both example and end-
of-chapter problems. English Engineering units are retained
in the remaining problems to provide experience with this
traditional system and to highlight conversions among unit
systems.

Goals and Advantages of Using This Text

Complete explanations presented in the text, together with
numerous detailed examples, make this book understandable
for students, freeing the instructor to depart from conventional
lecture teaching methods. Classroom time can be used to
bring in outside material, expand on special topics (such as
non-Newtonian flow, boundary-layer flow, lift and drag, or
experimental methods), solve example problems, or explain
difficult points of assigned homework problems. In addition,
many example Excel workbooks have been developed for pre-
senting a variety of fluid mechanics phenomena, especially the

effects produced when varying input parameters. Thus each
class period can be used in the manner most appropriate to
meet student needs.

When students finish the fluid mechanics course, we expect
them to be able to apply the governing equations to a variety of
problems, including those they have not encountered previ-
ously. We particularly emphasize physical concepts throughout
to help students model the variety of phenomena that occur in
real fluid flow situations. Although we collect useful equations
at the end of each chapter, we stress that our philosophy is to
minimize the use of so-called “magic formulas” and emphasize
the systematic and fundamental approach to problem solving.
By following this format, we believe students develop confi-
dence in their ability to apply the material and to find that they
can reason out solutions to rather challenging problems.

The book is well suited for independent study by students
or practicing engineers. Its readability and clear examples help
build confidence. Answers to selected problems are included,
so students may check their own work.

Topical Coverage

The material has been selected carefully to include a broad
range of topics suitable for a one- or two-semester course at
the junior or senior level. We assume a background in rigid-
body dynamics, mathematics through differential equations,
and thermodynamics.

More advanced material, not typically covered in a first
course, has been moved to the website (these sections are
identified in the Table of Contents as being on the website).
Advanced material is available online at www.wiley.com/
college/pritchard so that it does not interrupt the topic flow
of the printed text.

Material in the printed text has been organized into broad
topic areas:

e Introductory concepts, scope of fluid mechanics, and fluid
statics (Chapters 1, 2, and 3)

e Development and application of control volume forms of
basic equations (Chapter 4)

e Development and application of differential forms of basic
equations (Chapters 5 and 6)

e Dimensional analysis and correlation of experimental data
(Chapter 7)

e Applications for internal viscous incompressible flows
(Chapter 8)
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e Applications for external viscous incompressible flows
(Chapter 9)

e Analysis of fluid machinery and system applications
(Chapter 10)

e Analysis and applications of open-channel flows (Chapter 11)

e Analysis and applications of one-dimensional compressible
flows (Chapter 12)

Chapter 4 deals with analysis using both finite and differ-
ential control volumes. The Bernoulli equation is derived as
an example application of the basic equations to a differential
control volume. Being able to use the Bernoulli equation in
Chapter 4 allows us to include more challenging problems deal-
ing with the momentum equation for finite control volumes.

Another derivation of the Bernoulli equation is presented
in Chapter 6, where it is obtained by integrating Euler’s equa-
tion along a streamline. If an instructor chooses to delay intro-
ducing the Bernoulli equation, the challenging problems from
Chapter 4 may be assigned during study of Chapter 6.

Text Features

This edition incorporates a number of features that enhance
learning:

e Chapter Summary and Useful Equations: Atthe end of each
chapter we collect for the student’s convenience the most
used or most significant equations of the chapter. Although
this is a convenience, we cannot stress enough the need for
the student to understand the assumptions and limitations of
each equation before using it!

e Design Problems: Where appropriate, we have provided
open-ended design problems. Students could be assigned
to work in teams to solve these problems. Design problems
encourage students to spend more time exploring applica-
tions of fluid mechanics principles to the design of devices
and systems. As in the previous edition, design problems
are included with the end-of-chapter problems.

e Open-Ended Problems: We have included many open-
ended problems. Some are thought-provoking questions
intended to test understanding of fundamental concepts,
and some require creative thought, synthesis, and/or narra-
tive discussion. We hope these problems will help instruc-
tors to encourage their students to think and work in more
dynamic ways, as well as to inspire each instructor to
develop and use more open-ended problems.

e End-of-Chapter Problems: Problems in each chapter are
arranged by topic, and grouped according to the chapter
section headings. Within each topic they generally increase
in complexity or difficulty. This makes it easy for the
instructor to assign homework problems at the appropriate
difficulty level for each section of the book.

o Answers to Selected Problems: Answers to odd-numbered
problems are listed at the end of the book as a useful aid for
students to check their understanding of the material.

e FExamples: Several of the examples include Excel work-
books, available online at the text website, making them
useful for “what-if” analyses by students or by the
instructor.

New to This Edition

This edition incorporates a number of significant changes:

Many new end-of-chapter homework problems have been
developed, with the result that about 30 percent of the pro-
blems have not appeared in previous editions. These new pro-
blems were selected to require a spectrum of skills and
concepts. At one end of the spectrum are those problems that
focus on a single concept, which allows students to test their
understanding of basic material. At the other end are challeng-
ing situations that bring in several concepts and advanced
problem-solving skills, which allows students to assess their
ability to integrate the material. This wide spectrum allows
the instructor to match the complexity of the problem to stu-
dent ability, facilitating the assignment of more challenging
problems as students master the subject.

Each chapter is introduced with a case study that is an
interesting and novel application of the material in the chapter.
Our goal is to illustrate the broad range of areas that fall within
the discipline of fluid mechanics. In general, these are special-
ized subjects that cannot be covered in depth in a text such as
this one. We hope that these case studies stimulate the student
to explore further and not feel limited by the topics that can be
covered in this text.

Often, fluid behavior can best be understood though visu-
alization techniques that capture the dynamics of a flowing
fluid. For many of the chapter subjects, short videos are avail-
able that illustrate a specific phenomenon. These videos, which
are available online to both the student and the instructor on the
text’s companion website, are indicated by an icon in the margin
of the text. We also include references to much more extensive
collections of videos on a wide range of fluid mechanics topics.
We encourage both students and instructors to use these videos
to gain insight into the actual behavior of fluids.

The subject of compressible fluid flow was covered in two
chapters in previous editions. These two chapters have now
been combined into one and the more advanced material
(Fanno flow, Rayleigh flow, and oblique shock and expansion
waves) has been removed from the text. These sections and the
corresponding problems are available on the companion web-
site for instructors and students. They provide an excellent
introduction for those interested in a more in-depth study of
compressible flow. The coverage of compressible flow in
the current edition parallels the coverage of open-channel
flow, emphasizing the similarity between the two topics.

Resources for Instructors

The following resources are available to instructors who
adopt this text. Visit the companion website www.wiley.com/
college/pritchard to register for a password.
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e Solutions Manual: The solutions manual for this edition
contains a complete, detailed solution for all homework
problems. The expected solution difficulty is indicated,
and each solution is prepared in the same systematic way
as the example solutions in the printed text. Each solution
begins from governing equations, clearly states assump-
tions, reduces governing equations to computing equations,
obtains an algebraic result, and finally substitutes numerical
values to obtain a quantitative answer. Solutions may be
reproduced for classroom or library use, eliminating the
labor of problem solving for the instructor.

e Problem Key: A list of all problems that are renumbered
from the eighth edition of this title, to the ninth edition.

e PowerPoint Lecture Slides: Lecture slides outline the con-
cepts in the book and include appropriate illustrations and
equations.

e [mage Gallery: lllustrations are taken from the text in a for-
mat appropriate to include in lecture presentations.

e Sample Syllabi: Syllabi appropriate for use in teaching a
one-semester course in fluid mechanics are provided.
First-time instructors will find these a helpful guide to creat-
ing an appropriate emphasis on the different topics.

e Online-Only Chapter Content: These additional topics sup-
plement the material in the text. The topics covered are
fluids in rigid body motion, accelerating control volumes,
the unsteady Bernoulli equation, the classical laminar
boundary layer solution, and compressible flow (Fanno
flow, Rayleigh flow, and oblique shock and expansion
waves). These online-only sections also include appropriate
end-of-chapter problems.

e Videos: The videos referenced by icons throughout the text
(and in Appendix B) can be accessed from the text’s compan-
ion website. In Appendix B there is a reference to the “classic
videos” developed by the National Committee for Fluid
Mechanics Films and to the large number of videos available
from the Cambridge University Press. Excerpts from these
longer films are often helpful in explaining fluid phenomena.

e Appendix G: A Brief Review of Microsoft Excel: Prepared
by Philip Pritchard, this online-only resource coaches stu-
dents in setting up and solving fluid mechanics problems
using Excel spreadsheets.

e Excel Files: These Excel files and add-ins are for use with
specific examples from the text.

Resources for Students

The following resources are available on the text’s companion
website at www.wiley.com/college/pritchard for students
enrolled in classes that adopt this text.

o Appendix G: A Brief Review of Microsoft Excel: This
online-only material will aid students in using Excel to
solve the end-of-chapter problems.
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e Excel Files: These Excel files and add-ins are for use with
specific examples from the text.

e Online-Only Chapter Content: The same additional topics
provided to instructors are also available to students.

e Videos: The videos referenced by icons throughout the text
and in Appendix B are accessed from the website.

WileyPLUS

WileyPLUS is an online learning and assessment environment,
where students test their understanding of concepts, get feed-
back on their answers, and access learning materials like the
eText and multimedia resources. Instructors can automate
assignments, create practice quizzes, assess students’ progress,
and intervene with those falling behind.

Acknowledgments

This ninth edition represents another step in the evolution of
this classic text to meet the needs of students and instructors
in fluid mechanics. It continues the tradition of providing
a pedagogically sound introduction to the subject of fluids
as created by the original authors, Robert Fox and Alan
McDonald. Their focus on the fundamentals provides a
solid grounding for those students who take only one course
in fluids, and additionally gives those students who con-
tinue their studies in the subject a strong base for advanced
topics.

Even though the original authors have not been involved
with the later editions, we have tried to preserve their enthusi-
asm for the subject and their personal insights into fluid behav-
ior. Their comments add a dimension not normally found in
textbooks and enhance students’ understanding of this impor-
tant subject.

Over the years, many students and faculty have provided
additional end-of-chapter problems and new material that have
shaped subsequent editions of this book. The current edition
thus contains the input of many instructors and researchers
in the fluids field that supplements and supports the approach
of the original authors.

It is not possible to acknowledge all of the contributors
individually, but their collective efforts have been crucial to
the success of this text. In particular, Philip J. Pritchard, the
author of the previous edition, introduced many significant
revisions in the text and the online material that are included
in this ninth edition. We hope that colleagues and others
who use this book continue to provide input, for their
contributions are essential to maintaining the quality and rel-
evance of this work.

John W. Mitchell
July 2014


http://www.wiley.com/college/pritchard

CHAPTER 1 INTRODUCTION 1

1.1 Introduction to Fluid Mechanics 2
Note to Students 2
Scope of Fluid Mechanics 3
Definition of a Fluid 3

1.2 Basic Equations 4

1.3 Methods of Analysis 5
System and Control Volume 6
Differential versus Integral Approach 7
Methods of Description 7

1.4 Dimensions and Units 9
Systems of Dimensions 9
Systems of Units 10
Preferred Systems of Units 11
Dimensional Consistency and “Engineering”

Equations 11

1.5 Analysis of Experimental Error 13

1.6 Summary 14

Problems 14

CHAPTER 2 FUNDAMENTAL
CONCEPTS 17

2.1 Fluid as a Continuum 18
2.2 Velocity Field 19
One-, Two-, and Three-Dimensional Flows 20
Timelines, Pathlines, Streaklines, and
Streamlines 21
2.3 Stress Field 25
2.4 Viscosity 27
Newtonian Fluid 28
Non-Newtonian Fluids 30
2.5 Surface Tension 31
2.6 Description and Classification of Fluid
Motions 34
Viscous and Inviscid Flows 34
Laminar and Turbulent Flows 36
Compressible and Incompressible Flows 37
Internal and External Flows 38
2.7 Summary and Useful Equations 39
References 40
Problems 40

viii

CHAPTER 3 FLUID STATICS 47

3.1 The Basic Equation of Fluid Statics 48

3.2 The Standard Atmosphere 51

3.3 Pressure Variation in a Static Fluid 52
Incompressible Liquids: Manometers 52
Gases 57

3.4 Hydrostatic Force on Submerged Surfaces 59
Hydrostatic Force on a Plane Submerged

Surface 59
Hydrostatic Force on a Curved Submerged
Surface 66

3.5 Buoyancy and Stability 69

3.6 Fluids in Rigid-Body Motion
(www.wiley.com/college/pritchard) 72

3.7 Summary and Useful Equations 72

References 73

Problems 73

CHAPTER 4 BASIC EQUATIONS IN
INTEGRAL FORM FOR A CONTROL
VOLUME 82

4.1 Basic Laws for a System 84
Conservation of Mass 84
Newton’s Second Law 84
The Angular-Momentum Principle 84
The First Law of Thermodynamics 85
The Second Law of Thermodynamics 85
4.2 Relation of System Derivatives to the
Control Volume Formulation 85
Derivation 86
Physical Interpretation 88
4.3 Conservation of Mass 89
Special Cases 90
4.4 Momentum Equation for Inertial Control
Volume 94
Differential Control Volume Analysis 105
Control Volume Moving with Constant
Velocity 109
4.5 Momentum Equation for Control
Volume with Rectilinear
Acceleration 111


http://www.wiley.com/college/pritchard

4.6 Momentum Equation for Control Volume
with Arbitrary Acceleration (on the Web) 117
4.7 The Angular-Momentum Principle 117
Equation for Fixed Control Volume 117
4.8 The First and Second Laws of
Thermodynamics 121
Rate of Work Done by a Control Volume 122
Control Volume Equation 123
4.9 Summary and Useful Equations 128
Problems 129

CHAPTER 5 INTRODUCTION TO
DIFFERENTIAL ANALYSIS
OF FLUID MOTION 144

5.1 Conservation of Mass 145
Rectangular Coordinate System 145
Cylindrical Coordinate System 149
*5.2 Stream Function for Two-Dimensional
Incompressible Flow 151
5.3 Motion of a Fluid Particle (Kinematics) 153
Fluid Translation: Acceleration of a Fluid Particle
in a Velocity Field 154
Fluid Rotation 160
Fluid Deformation 163
5.4 Momentum Equation 167
Forces Acting on a Fluid Particle 167
Differential Momentum Equation 168
Newtonian Fluid: Navier—Stokes Equations 168
*5.5 Introduction to Computational Fluid
Dynamics 176
The Need for CFD 176
Applications of CFD 177
Some Basic CFD/Numerical Methods Using a
Spreadsheet 178
The Strategy of CFD 182
Discretization Using the Finite-Difference
Method 183
Assembly of Discrete System and Application of
Boundary Conditions 184
Solution of Discrete System 185
Grid Convergence 185
Dealing with Nonlinearity 186
Direct and Iterative Solvers 187
Iterative Convergence 188
Concluding Remarks 189

*Section may be omitted without loss of continuity in the text material.

Contents  ix

5.6 Summary and Useful Equations 190
References 192
Problems 192

CHAPTER 6 INCOMPRESSIBLE INVISCID
FLOW 198

6.1 Momentum Equation for Frictionless Flow:
Euler’s Equation 199
6.2 Bernoulli Equation: Integration of Euler’s
Equation Along a Streamline for
Steady Flow 202
Derivation Using Streamline Coordinates 202
Derivation Using Rectangular Coordinates 203
Static, Stagnation, and Dynamic Pressures 205
Applications 207
Cautions on Use of the Bernoulli
Equation 212
6.3 The Bernoulli Equation Interpreted as an Energy
Equation 213
6.4 Energy Grade Line and Hydraulic Grade
Line 217
6.5 Unsteady Bernoulli Equation: Integration of
Euler’s Equation Along a Streamline
(on the Web) 219
*6.6 Irrotational Flow 219
Bernoulli Equation Applied to Irrotational
Flow 219
Velocity Potential 220
Stream Function and Velocity Potential for
Two-Dimensional, Irrotational, Incompressible
Flow: Laplace’s Equation 221
Elementary Plane Flows 223
Superposition of Elementary Plane Flows 225
6.7 Summary and Useful Equations 234
References 235
Problems 236

CHAPTER 7 DIMENSIONAL ANALYSIS
AND SIMILITUDE 244

7.1 Nondimensionalizing the Basic Differential
Equations 245

7.2 Nature of Dimensional Analysis 246

7.3 Buckingham Pi Theorem 248

7.4 Significant Dimensionless Groups in Fluid
Mechanics 254



X Contents

7.5 Flow Similarity and Model Studies 256
Incomplete Similarity 258
Scaling with Multiple Dependent Parameters 263
Comments on Model Testing 266

7.6 Summary and Useful Equations 267

References 268

Problems 268

CHAPTER 8 INTERNAL INCOMPRESSIBLE
VISCOUS FLOW 275

8.1 Internal Flow Characteristics 276
Laminar versus Turbulent Flow 276
The Entrance Region 277

PART A. FULLY DEVELOPED LAMINAR
FLOW 277

8.2 Fully Developed Laminar Flow Between Infinite
Parallel Plates 277
Both Plates Stationary 278
Upper Plate Moving with Constant Speed, U 283
8.3 Fully Developed Laminar Flow in a Pipe 288

PART B. FLOW IN PIPES AND DUCTS 292

8.4 Shear Stress Distribution in Fully Developed
Pipe Flow 293
8.5 Turbulent Velocity Profiles in Fully Developed
Pipe Flow 294
8.6 Energy Considerations in Pipe Flow 297
Kinetic Energy Coefficient 298
Head Loss 298
8.7 Calculation of Head Loss 299
Major Losses: Friction Factor 299
Minor Losses 303
Pumps, Fans, and Blowers in Fluid Systems 308
Noncircular Ducts 309
8.8 Solution of Pipe Flow Problems 309
Single-Path Systems 310
Multiple-Path Systems 322

PART C. FLOW MEASUREMENT 326

8.9 Restriction Flow Meters for Internal Flows 326
The Orifice Plate 329
The Flow Nozzle 330
The Venturi 332
The Laminar Flow Element 332
Linear Flow Meters 335
Traversing Methods 336

8.10 Summary and Useful Equations 337
References 340
Problems 341

CHAPTER 9 EXTERNAL INCOMPRESSIBLE
VISCOUS FLOW 353

PART A. BOUNDARY LAYERS 355

9.1 The Boundary-Layer Concept 355
9.2 Laminar Flat-Plate Boundary Layer: Exact
Solution (www.wiley.com/college/
pritchard) 359
9.3 Momentum Integral Equation 359
9.4 Use of the Momentum Integral Equation for Flow
with Zero Pressure Gradient 363
Laminar Flow 364
Turbulent Flow 368
Summary of Results for Boundary-Layer Flow
with Zero Pressure Gradient 371
9.5 Pressure Gradients in Boundary-Layer
Flow 371

PART B. FLUID FLOW ABOUT IMMERSED
BODIES 374

9.6 Drag 374
Pure Friction Drag: Flow over a Flat Plate Parallel
to the Flow 375
Pure Pressure Drag: Flow over a Flat Plate Normal
to the Flow 378
Friction and Pressure Drag: Flow over a Sphere
and Cylinder 378
Streamlining 384
9.7 Lift 386
9.8 Summary and Useful Equations 400
References 402
Problems 403

CHAPTER 10 FLUID MACHINERY 412

10.1 Introduction and Classification of Fluid
Machines 413
Machines for Doing Work on a Fluid 413
Machines for Extracting Work (Power) from a
Fluid 415
Scope of Coverage 417
10.2 Turbomachinery Analysis 417
The Angular-Momentum Principle: The Euler
Turbomachine Equation 417


http://www.wiley.com/college/pritchard
http://www.wiley.com/college/pritchard

10.3

10.4
10.5

10.6

10.7

10.8

References
Problems

Velocity Diagrams 419

Performance—Hydraulic Power 422

Dimensional Analysis and Specific Speed 423

Pumps, Fans, and Blowers 428

Application of Euler Turbomachine Equation to
Centrifugal Pumps 428

Application of the Euler Equation to Axial Flow
Pumps and Fans 429

Performance Characteristics

Similarity Rules 437

Cavitation and Net Positive Suction Head 441

Pump Selection: Applications to Fluid
Systems 444

Blowers and Fans 455

Positive Displacement Pumps

Hydraulic Turbines 464

Hydraulic Turbine Theory 464

Performance Characteristics for Hydraulic
Turbines 466

Sizing Hydraulic Turbines for Fluid
Systems 470

Propellers and Wind-Power Machines

Propellers 474

Wind-Power Machines 482

Compressible Flow Turbomachines 490

Application of the Energy Equation to a
Compressible Flow Machine 490

Compressors 491

Compressible-Flow Turbines

Summary and Useful Equations
497

499

432

461

474

495
495

CHAPTER 11 FLOW IN OPEN
CHANNELS 507

11.1

11.2

11.3

114

Basic Concepts and Definitions 509
Simplifying Assumptions 509
Channel Geometry 511
Speed of Surface Waves and the Froude
Number 512
Energy Equation for Open-Channel Flows
Specific Energy 518
Critical Depth: Minimum Specific Energy 521
Localized Effect of Area Change
(Frictionless Flow) 524
Flow over a Bump 524
The Hydraulic Jump 528
Depth Increase Across a Hydraulic Jump 531

516

Contents  xi

Head Loss Across a Hydraulic Jump 532

11.5 Steady Uniform Flow 534
The Manning Equation for Uniform Flow 536
Energy Equation for Uniform Flow 541
Optimum Channel Cross Section 543

11.6 Flow with Gradually Varying Depth 544
Calculation of Surface Profiles 545

11.7 Discharge Measurement Using Weirs 548

548
549

Suppressed Rectangular Weir
Contracted Rectangular Weirs
Triangular Weir 549

Broad-Crested Weir 550
11.8 Summary and Useful Equations 551
References 552
Problems 553

CHAPTER 12 INTRODUCTION TO
COMPRESSIBLE FLOW 556

12.1 Review of Thermodynamics
12.2 Propagation of Sound Waves
Speed of Sound 563
Types of Flow—The Mach Cone 567
Reference State: Local Isentropic Stagnation
Properties 570
Local Isentropic Stagnation Properties for the
Flow of an Ideal Gas 571
Critical Conditions 577
Basic Equations for One-Dimensional
Compressible Flow 577
Continuity Equation 577
Momentum Equation 578
First Law of Thermodynamics
Second Law of Thermodynamics
Equation of State 579
Isentropic Flow of an Ideal Gas: Area
Variation 580
Subsonic Flow, M < 1
Supersonic Flow, M > 1
Sonic Flow, M=1 583
Reference Stagnation and Critical Conditions
for Isentropic Flow of an Ideal Gas 584
Isentropic Flow in a Converging Nozzle 589
Isentropic Flow in a Converging-Diverging
Nozzle 593
Normal Shocks 598
Basic Equations for a Normal Shock 599
Normal-Shock Flow Functions for
One-Dimensional Flow of an Ideal Gas

557
563

12.3

12.4
12.5

578
579

12.6

582
583

12.7

601



xii  Contents

12.8  Supersonic Channel Flow with Shocks 605

12.8  Supersonic Channel Flow with Shocks
(continued, at www.wiley.com/college/
pritchard) 607

12.9 Flow in a Constant-Area Duct with Friction
(www.wiley.com/college/pritchard) 607

12.10 Frictionless Flow in a Constant-Area Duct with
Heat Exchange (www.wiley.com/college/
pritchard) 607

12.11 Oblique Shocks and Expansion Waves
(www.wiley.com/college/pritchard) 607

12.12 Summary and Useful Equations 607

References 610

Problems 610

APPENDIX A FLUID PROPERTY DATA 615

APPENDIX B VIDEOS FOR FLUID
MECHANICS 627

APPENDIX C SELECTED PERFORMANCE
CURVES FOR PUMPS AND FANS 629

APPENDIX D FLOW FUNCTIONS FOR
COMPUTATION OF COMPRESSIBLE
FLOW 640

APPENDIX E ANALYSIS OF EXPERIMENTAL
UNCERTAINTY 643

APPENDIX F ADDITIONAL COMPRESSIBLE
FLOW FUNCTIONS (WWW.WILEY.COM/
COLLEGE/PRITCHARD) WF-1

APPENDIX G A BRIEF REVIEW OF MICROSOFT
EXCEL (WWW.WILEY.COM/COLLEGE/
PRITCHARD) WG-1

Answers to Selected Problems 649
Index 656


http://www.wiley.com/college
http://www.wiley.com/college/pritchard
http://www.wiley.com/college/pritchard
http://www.wiley.com/college/pritchard
http://www.wiley.com/college/pritchard

CHAPTER 1

Introduction

1.1 Introduction to Fluid Mechanics
1.2 Basic Equations
1.3 Methods of Analysis

Case Study

At the beginning of each chapter we present a case study that shows
how the material in the chapter is incorporated into modern technol-
ogy. We have tried to present novel developments that show the
ongoing importance of the field of fluid mechanics. Perhaps, as a
creative new engineer, you’ll be able to use the ideas you learn in
this course to improve current fluid-mechanics devices or invent
new ones!

Wind Power

According to the July 16, 2009, edition of the New York Times, the
global wind energy potential is much higher than previously esti-
mated by both wind industry groups and government agencies.
Using data from thousands of meteorological stations, the
research indicates that the world’s wind power potential is about
40 times greater than total current power consumption; previous
studies had put that multiple at about seven times! In the lower
48 states, the potential from wind power is 16 times more than
total electricity demand in the United States, the researchers
suggested, again much higher than a 2008 Department of Energy
study that projected wind could supply a fifth of all electricity in
the country by 2030. The findings indicate the validity of the
often made claim that “the United States is the Saudi Arabia of
wind.” The new estimate is based the idea of deploying 2.5- to
3-megawatt (MW) wind turbines in rural areas that are neither

Courtesy of KiteGen and Archer & Caldeira

KiteGen's kites would fly at an altitude of about 1000 m
and spin a power carousel on the ground.

1.4 Dimensions and Units
1.5 Analysis of Experimental Error
1.6 Summary
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frozen nor forested and also on shallow offshore locations, and
itincludes a conservative 20 percent estimate for capacity factor,
which is a measure of how much energy a given turbine actually
produces. It has been estimated that the total power from the
wind that could conceivably be extracted is about 72 terawatts
(TW 72 x10'? watts). Bearing in mind that the total power con-
sumption by all humans was about 16 TW (as of 2006), it is clear
that wind energy could supply all the world’s needs for the fore-
seeable future!

One reason for the new estimate is due to the increasingly
common use of very large turbines that rise to almost 100 m,
where wind speeds are greater. Previous wind studies were
based on the use of 50- to 80-m turbines. In addition, to reach
even higher elevations (and hence wind speed), two approaches
have been proposed. In a recent paper, Professor Archer at
California State University and Professor Caldeira at the
Carnegie Institution of Washington, Stanford, discussed some
possibilities. One of these is a design of KiteGen (shown in the
figure), consisting of tethered airfoils (kites) manipulated by a
control unit and connected to a ground-based, carousel-shaped
generator; the kites are maneuvered so that they drive the
carousel, generating power, possibly as much as 100 MW. This
approach would be best for the lowest few kilometers of the
atmosphere. An approach using further increases in elevation

Courtesy of Ben Shepard and Archer & Caldeira

Sky Windpower's flying electric generators would fly at
altitudes of about 10,000 m.
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is to generate electricity aloft and then transmit it to the surface would lift themselves into place with supplied electricity to
with a tether. In the design proposed by Sky Windpower, four reach the desired altitude but would then generate up to
rotors are mounted on an airframe; the rotors both provide lift 40 MW of power. Multiple arrays could be used for large-scale
for the device and power electricity generation. The aircraft electricity generation.
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1.1 Introduction to Fluid Mechanics

We decided to title this textbook “Introduction to ...” for the following reason: After studying the text,
you will not be able to design the streamlining of a new car or an airplane, or design a new heart valve, or
select the correct air extractors and ducting for a $100 million building; however, you will have devel-
oped a good understanding of the concepts behind all of these, and many other applications, and have
made significant progress toward being ready to work on such state-of-the-art fluid mechanics projects.

To start toward this goal, in this chapter we cover some very basic topics: a case study, what fluid
mechanics encompasses, the standard engineering definition of a fluid, and the basic equations and
methods of analysis. Finally, we discuss some common engineering student pitfalls in areas such as unit
systems and experimental analysis.

Note to Students

This is a student-oriented book: We believe it is quite comprehensive for an introductory text, and a
student can successfully self-teach from it. However, most students will use the text in conjunction with
one or two undergraduate courses. In either case, we recommend a thorough reading of the relevant
chapters. In fact, a good approach is to read a chapter quickly once, then reread more carefully a second
and even a third time, so that concepts develop a context and meaning. While students often find fluid
mechanics quite challenging, we believe this approach, supplemented by your instructor’s lectures that
will hopefully amplify and expand upon the text material (if you are taking a course), will reveal fluid
mechanics to be a fascinating and varied field of study.

Other sources of information on fluid mechanics are readily available. In addition to your professor,
there are many other fluid mechanics texts and journals as well as the Internet (a recent Google search
for “fluid mechanics” yielded 26.4 million links, including many with fluid mechanics calculators and
animations!).

There are some prerequisites for reading this text. We assume you have already studied introductory
thermodynamics, as well as statics, dynamics, and calculus; however, as needed, we will review some of
this material.

It is our strong belief that one learns best by doing. This is true whether the subject under study is
fluid mechanics, thermodynamics, or soccer. The fundamentals in any of these are few, and mastery of
them comes through practice. Thus it is extremely important that you solve problems. The numerous
problems included at the end of each chapter provide the opportunity to practice applying fundamentals
to the solution of problems. Even though we provide for your convenience a summary of useful equa-
tions at the end of each chapter (except this one), you should avoid the temptation to adopt a so-called
plug-and-chug approach to solving problems. Most of the problems are such that this approach simply
will not work. In solving problems we strongly recommend that you proceed using the following log-
ical steps:

1 State briefly and concisely (in your own words) the information given.
2 State the information to be found.

3 Draw a schematic of the system or control volume to be used in the analysis. Be sure to label the
boundaries of the system or control volume and label appropriate coordinate directions.

4 Give the appropriate mathematical formulation of the basic laws that you consider necessary to solve
the problem.

5 List the simplifying assumptions that you feel are appropriate in the problem.
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6 Complete the analysis algebraically before substituting numerical values.
7 Substitute numerical values (using a consistent set of units) to obtain a numerical answer.
(a) Reference the source of values for any physical properties.
(b) Be sure the significant figures in the answer are consistent with the given data.
8 Check the answer and review the assumptions made in the solution to make sure they are reasonable.

9 Label the answer.

In your initial work this problem format may seem unnecessary and even long-winded. However, it is
our experience that this approach to problem solving is ultimately the most efficient; it will also prepare
you to be a successful professional, for which a major prerequisite is to be able to communicate infor-
mation and the results of an analysis clearly and precisely. This format is used in all examples presented
in this text; answers to examples are rounded to three significant figures.

Finally, we strongly urge you to take advantage of the many Excel tools available for this book on
the text website for use in solving problems. Many problems can be solved much more quickly using
these tools; occasional problems can only be solved with the tools or with an equivalent computer
application.

Scope of Fluid Mechanics

As the name implies, fluid mechanics is the study of fluids at rest or in motion. It has traditionally been
applied in such areas as the design of canal, levee, and dam systems; the design of pumps, compressors, and
piping and ducting used in the water and air conditioning systems of homes and businesses, as well as the
piping systems needed in chemical plants; the aerodynamics of automobiles and sub- and supersonic air-
planes; and the development of many different flow measurement devices such as gas pump meters.

While these are still extremely important areas (witness, for example, the current emphasis on
automobile streamlining and the levee failures in New Orleans in 2005), fluid mechanics is truly a
“high-tech” or “hot” discipline, and many exciting areas have developed in the last quarter-century.
Some examples include environmental and energy issues (e.g., containing oil slicks, large-scale wind
turbines, energy generation from ocean waves, the aerodynamics of large buildings, and the fluid
mechanics of the atmosphere and ocean and of phenomena such as tornadoes, hurricanes, and tsunamis);
biomechanics (e.g., artificial hearts and valves and other organs such as the liver; understanding of the
fluid mechanics of blood, synovial fluid in the joints, the respiratory system, the circulatory system, and
the urinary system); sport (design of bicycles and bicycle helmets, skis, and sprinting and swimming
clothing, and the aerodynamics of the golf, tennis, and soccer ball); “‘smart fluids” (e.g., in automobile
suspension systems to optimize motion under all terrain conditions, military uniforms containing a fluid
layer that is “thin” until combat, when it can be “stiffened” to give the soldier strength and protection,
and fluid lenses with humanlike properties for use in cameras and cell phones); and microfluids (e.g., for
extremely precise administration of medications).

These are just a small sampling of the newer areas of fluid mechanics. They illustrate how the dis-
cipline is still highly relevant, and increasingly diverse, even though it may be thousands of years old.

Definition of a Fluid

We already have a common-sense idea of when we are working with a fluid, as opposed to a solid: Fluids
tend to flow when we interact with them (e.g., when you stir your morning coffee); solids tend to deform
or bend (e.g., when you type on a keyboard, the springs under the keys compress). Engineers need a more
formal and precise definition of a fluid: A fluid is a substance that deforms continuously under the appli-
cation of a shear (tangential) stress no matter how small the shear stress may be. Because the fluid motion
continues under the application of a shear stress, we can also define a fluid as any substance that cannot
sustain a shear stress when at rest.

Hence liquids and gases (or vapors) are the forms, or phases, that fluids can take. We wish to dis-
tinguish these phases from the solid phase of matter. We can see the difference between solid and fluid
behavior in Fig. 1.1. If we place a specimen of either substance between two plates (Fig. 1.1a) and then
apply a shearing force F, each will initially deform (Fig. 1.1b); however, whereas a solid will then be
at rest (assuming the force is not large enough to go beyond its elastic limit), a fluid will continue to

3
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Time
F F F
— — —
/ / ;o ;0
/ / / e / e
/ / /. 0
/ / /. /g
(a) Solid or fluid (b) Solid or fluid (c) Fluid only (d) Fluid only

Fig. 1.1 Difference in behavior of a solid and a fluid due to a shear force.

deform (Fig. 1.1c, Fig. 1.1d, etc) as long as the force is applied. Note that a fluid in contact with a solid
surface does not slip—it has the same velocity as that surface because of the no-slip condition, an exper-
imental fact.

The amount of deformation of the solid depends on the solid’s modulus of rigidity G; in Chapter 2
we will learn that the rate of deformation of the fluid depends on the fluid’s viscosity x. We refer to solids
as being elastic and fluids as being viscous. More informally, we say that solids exhibit “springiness.”
For example, when you drive over a pothole, the car bounces up and down due to the car suspension’s
metal coil springs compressing and expanding. On the other hand, fluids exhibit friction effects so that
the suspension’s shock absorbers (containing a fluid that is forced through a small opening as the car
bounces) dissipate energy due to the fluid friction, which stops the bouncing after a few oscillations. If
your shocks are “shot,” the fluid they contained has leaked out so that there is almost no friction as the car
bounces, and it bounces several times rather than quickly coming to rest. The idea that substances can be
categorized as being either a solid or a liquid holds for most substances, but a number of substances
exhibit both springiness and friction; they are viscoelastic. Many biological tissues are viscoelastic.
For example, the synovial fluid in human knee joints lubricates those joints but also absorbs some of
the shock occurring during walking or running. Note that the system of springs and shock absorbers
comprising the car suspension is also viscoelastic, although the individual components are not. We will
have more to say on this topic in Chapter 2.

1.2 Basic Equations

Analysis of any problem in fluid mechanics necessarily includes statement of the basic laws governing
the fluid motion. The basic laws, which are applicable to any fluid, are:

I The conservation of mass

2 Newton’s second law of motion

3 The principle of angular momentum
4 The first law of thermodynamics

5 The second law of thermodynamics

Not all basic laws are always required to solve any one problem. On the other hand, in many problems it
is necessary to bring into the analysis additional relations that describe the behavior of physical proper-
ties of fluids under given conditions.

For example, you probably recall studying properties of gases in basic physics or thermodynamics.
The ideal gas equation of state

p=pRT (1.1)

is a model that relates density to pressure and temperature for many gases under normal conditions. In
Eq. 1.1, R is the gas constant. Values of R are given in Appendix A for several common gases; p and T
in Eq. 1.1 are the absolute pressure and absolute temperature, respectively; p is density (mass per unit
volume). Example 1.1 illustrates use of the ideal gas equation of state.

Itis obvious that the basic laws with which we shall deal are the same as those used in mechanics and
thermodynamics. Our task will be to formulate these laws in suitable forms to solve fluid flow problems
and to apply them to a wide variety of situations.
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Example 1.1 FIRST LAW APPLICATION TO CLOSED SYSTEM

A piston-cylinder device contains 0.95 kg of oxygen initially at a temperature of 27°C and a pressure due to the weight of
150 kPa (abs). Heat is added to the gas until it reaches a temperature of 627°C. Determine the amount of heat added during
the process.

Given: Piston-cylinder containing O, m = 0.95 kg. w
T1=27°C T,=627°C n / > /

Find: 010

Solution: p=constant= 150 kPa (abs)
We are dealing with a system, m =0.95 kg. . |

Governing equation: First law for the system, Q1 — Wi, = E; —E)
Assumptions: 1 E=U, since the system is stationary.

2 Ideal gas with constant specific heats.
Under the above assumptions,

E,—E =U,—U, =m(uy—u) =mc,(T, —T))
The work done during the process is moving boundary work
¥
Wiy = / pad¥ =p(¥>—¥)
Aall

For an ideal gas, p¥ =mRT. Hence Wi, =mR(T, —T}). Then from the first law equation,

Oun=E,—E; + W, :mcv(Tg —Tl) +mR(T2—T1)
Qu=m(T,—-T)(c, +R)
Qun=mc,(T,—-T\) {R=c,—c,}

From the Appendix, Table A.6, for O, ¢, =909.4J/(kg - K). Solving for Oy,

S obtan This problem:
- Was solved using the nine logical steps
J O discussed earlier.
012=0.95kgx 909kg_'K X600 K =518 kJ - Reviewed use of the ideal gas equation

and the first law of thermodynamics for a
system.

We must emphasize that there are, as we shall see, many apparently simple problems in fluid
mechanics that cannot be solved analytically. In such cases we must resort to more complicated numer-
ical solutions and/or results of experimental tests.

1.3 Methods of Analysis

The first step in solving a problem is to define the system that you are attempting to analyze. In basic
mechanics, we made extensive use of the free-body diagram. We will use a system or a control volume,
depending on the problem being studied. These concepts are identical to the ones you used in thermo-
dynamics (except you may have called them closed system and open system, respectively). We can use
either one to get mathematical expressions for each of the basic laws. In thermodynamics they were
mostly used to obtain expressions for conservation of mass and the first and second laws of thermody-
namics; in our study of fluid mechanics, we will be most interested in conservation of mass and



6

Chapter 1 Introduction

System
boundary

Fig. 1.2 Piston-cylinder assembly.

Newton’s second law of motion. In thermodynamics our focus was energy; in fluid mechanics it will
mainly be forces and motion. We must always be aware of whether we are using a system or a control
volume approach because each leads to different mathematical expressions of these laws. At this point
we review the definitions of systems and control volumes.

System and Control Volume

A system is defined as a fixed, identifiable quantity of mass; the system boundaries separate the system
from the surroundings. The boundaries of the system may be fixed or movable; however, no mass
crosses the system boundaries.

In the familiar piston-cylinder assembly from thermodynamics, Fig. 1.2, the gas in the cylinder is
the system. If the gas is heated, the piston will lift the weight; the boundary of the system thus moves.
Heat and work may cross the boundaries of the system, but the quantity of matter within the system
boundaries remains fixed. No mass crosses the system boundaries.

In mechanics courses you used the free-body diagram (system approach) extensively. This was log-
ical because you were dealing with an easily identifiable rigid body. However, in fluid mechanics we
normally are concerned with the flow of fluids through devices such as compressors, turbines, pipelines,
nozzles, and so on. In these cases it is difficult to focus attention on a fixed identifiable quantity of mass.
It is much more convenient, for analysis, to focus attention on a volume in space through which the fluid
flows. Consequently, we use the control volume approach.

A control volume is an arbitrary volume in space through which fluid flows. The geometric boundary
of the control volume is called the control surface. The control surface may be real or imaginary; it may be
at rest or in motion. Figure 1.3 shows flow through a pipe junction, with a control surface drawn on it.
Note that some regions of the surface correspond to physical boundaries (the walls of the pipe) and others
(at locations (D), @), and(Q)) are parts of the surface that are imaginary (inlets or outlets). For the control
volume defined by this surface, we could write equations for the basic laws and obtain results such as the
flow rate at outlet 3) given the flow rates at inlet () and outlet Q) (similar to a problem we will analyze in
Example 4.1 in Chapter 4), the force required to hold the junction in place, and so on. Example 1.2 illus-
trates how we use a control volume to determine the mass flow rate in a section of a pipe. It is
always important to take care in selecting a control volume, as the choice has a big effect on the mathe-
matical form of the basic laws. We will illustrate the use of a control volume with an example.

~ Control surface

Fig. 1.3 Fluid flow through a pipe junction.
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Example 1.2 MASS CONSERVATION APPLIED TO CONTROL VOLUME

A reducing water pipe section has an inlet diameter of 50 mm and exit diameter of 30 mm. If the steady inlet speed (averaged
across the inlet area) is 2.5 m/s, find the exit speed.

F————————————

Given: Pipe, inlet D; =50 mm, exit D, =30 mm.

Inlet | | Exit
Inlet speed, V;=2.5m/s. _:T_H:';:Hi—’
Find: Exit speed, V,. I '

Control volume

Solution:

Assumption: Water is incompressible (density p = constant).

The physical law we use here is the conservation of mass, which you learned in thermodynamics when studying turbines, boilers,
and so on. You may have seen mass flow at an inlet or outlet expressed as either 7in= VA /v or i = pVA where V, A, v and p are the
speed, area, specific volume, and density, respectively. We will use the density form of the equation.
Hence the mass flow is:
m=pVA
Applying mass conservation, from our study of thermodynamics,
pVidi=pV.A.
(Note: p; =p, =p by our first assumption.)
(Note: Even though we are already familiar with this equation from thermodynamics, we will derive it in Chapter 4.)

Solving for V,,

A; D? /4 D;\?
Ve=V,-—’—Vﬂ i/ —V(_’)

A, ’ﬂD§/4 "\D.
5 This problem:
- 7E (@) - 59 Ve - Was solved using the nine logical steps.
T s \30) T - Demonstrated use of a control volume

and the mass conservation law.

Differential versus Integral Approach

The basic laws that we apply in our study of fluid mechanics can be formulated in terms of infinitesimal
or finite systems and control volumes. As you might suspect, the equations will look different in the two
cases. Both approaches are important in the study of fluid mechanics and both will be developed in the
course of our work.

In the first case the resulting equations are differential equations. Solution of the differential equa-
tions of motion provides a means of determining the detailed behavior of the flow. An example might be
the pressure distribution on a wing surface.

Frequently the information sought does not require a detailed knowledge of the flow. We often
are interested in the gross behavior of a device; in such cases it is more appropriate to use integral
formulations of the basic laws. An example might be the overall lift a wing produces. Integral formula-
tions, using finite systems or control volumes, usually are easier to treat analytically. The basic laws of
mechanics and thermodynamics, formulated in terms of finite systems, are the basis for deriving the
control volume equations in Chapter 4.

Methods of Description

Mechanics deals almost exclusively with systems; you have made extensive use of the basic equations
applied to a fixed, identifiable quantity of mass. On the other hand, attempting to analyze thermody-
namic devices, you often found it necessary to use a control volume (open system) analysis. Clearly,
the type of analysis depends on the problem.
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Where it is easy to keep track of identifiable elements of mass (e.g., in particle mechanics), we use a
method of description that follows the particle. This sometimes is referred to as the Lagrangian method
of description.

Consider, for example, the application of Newton’s second law to a particle of fixed mass. Mathe-
matically, we can write Newton’s second law for a system of mass m as

av d*r
s r
dt dr?

SF=md=m (1.2)
In Eq. 1.2, $F is the sum of all external forces acting on the system, a is the acceleration of the center
of mass of the system, V is the velocity of the center of mass of the system, and r is the position vector of
the center of mass of the system relative to a fixed coordinate system. In Example 1.3, we show how
Newton’s second law is applied to a falling object to determine its speed.

Example 1.3 FREE FALL OF BALL IN AIR

The air resistance (drag force) on a 200 g ball in free flight is given by Fp =2 x 10~*V?, where F, is in newtons and V is in meters
per second. If the ball is dropped from rest 500 m above the ground, determine the speed at which it hits the ground. What per-
centage of the terminal speed is the result? (The terminal speed is the steady speed a falling body eventually attains.)

Given: Ball, m=0.2 kg, released from rest at y, =500 m.
Air resistance, Fp =kV2, where k=2x10~* N~sz/m2.
Units: Fp(N), V(m/s). Yo —

Find: F?
(a) Speed at which the ball hits the ground. L ?
(b) Ratio of speed to terminal speed. x
Solution:

Governing equation:

>F =ma

Assumption: Neglect buoyancy force.

The motion of the ball is governed by the equation

dv
2F, = =m—
y=may=m-—
dvd d
Since V =V(y), we write XF, =md—‘;;}; =de—‘; Then,
dv
ZFy=FD—mg=kV2—mg=mV—
dy
Separating variables and integrating,
/Y /V mvdV
dy=| “a
b o kVZ—mg
m V. m  kV*—mg
—yo= | Zin(kv? - } I Tme
Y= [Zk n( mg) o 2k f —mg

Taking antilogarithms, we obtain

Solving for V gives

kV2 —mg = —mg el@k/m0=30)

V= {% (1 _e[(zk/m)(Y—yo)]) }1/2



1.4 Dimensions and Units 9

Substituting numerical values with y=0 yields

m? " N-s2
2x107*N-s2 " kg-m

m -4
— _ L [2x2x107%/0.2(~500)]
\% {0.2kg><9.81S2 X (1 e )

V=787m/s 4

At terminal speed, a, =0 and £F,=0=kV? —mg.

1/2
mg11/2 m m? N-s?
Then, V,= [2€] " = [02ke x9.81 53 x
! k [ c s27 2x107*N-s2 " kg-m
=99.0m/s This problem:
’ + Reviewed the methods used in particle
mechanics.
The ratio of actual speed to terminal speed is + Introduced a variable aerodynamic
v drag force.
v 787 v, W Try the Excel workbook for this
vV, 990 0.795, or 79.5% t problem for variations on this

problem.

We could use this Lagrangian approach to analyze a fluid flow by assuming the fluid to be com-
posed of a very large number of particles whose motion must be described. However, keeping track of
the motion of each fluid particle would become a horrendous bookkeeping problem. Consequently, a
particle description becomes unmanageable. Often we find it convenient to use a different type of
description. Particularly with control volume analyses, it is convenient to use the field, or Eulerian,
method of description, which focuses attention on the properties of a flow at a given point in space
as a function of time. In the Eulerian method of description, the properties of a flow field are described
as functions of space coordinates and time. We shall see in Chapter 2 that this method of description is a
logical outgrowth of the assumption that fluids may be treated as continuous media.

1.4, Dimensions and Units

Engineering problems are solved to answer specific questions. It goes without saying that the answer
must include units. In 1999, NASA’s Mars Climate Observer crashed because the JPL engineers
assumed that a measurement was in meters, but the supplying company’s engineers had actually made
the measurement in feet! Consequently, it is appropriate to present a brief review of dimensions and
units. We say “review” because the topic is familiar from your earlier work in mechanics.

We refer to physical quantities such as length, time, mass, and temperature as dimensions. In terms
of a particular system of dimensions, all measurable quantities are subdivided into two groups—primary
quantities and secondary quantities. We refer to a small group of dimensions from which all others can
be formed as primary quantities, for which we set up arbitrary scales of measure. Secondary quantities
are those quantities whose dimensions are expressible in terms of the dimensions of the primary
quantities.

Units are the arbitrary names (and magnitudes) assigned to the primary dimensions adopted as
standards for measurement. For example, the primary dimension of length may be measured in units
of meters, feet, yards, or miles. These units of length are related to each other through unit conversion
factors (1 mile =5280 feet = 1609 meters).

Systems of Dimensions

Any valid equation that relates physical quantities must be dimensionally homogeneous; each term in the
equation must have the same dimensions. We recognize that Newton’s second law (F o< m a) relates the
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four dimensions, F, M, L and t. Thus force and mass cannot both be selected as primary dimensions
without introducing a constant of proportionality that has dimensions (and units).

Length and time are primary dimensions in all dimensional systems in common use. In some sys-
tems, mass is taken as a primary dimension. In others, force is selected as a primary dimension; a third
system chooses both force and mass as primary dimensions. Thus we have three basic systems of dimen-
sions, corresponding to the different ways of specifying the primary dimensions.

(a) Mass [M], length [L], time [¢], temperature [T]
(b) Force [F], length [L], time [¢], temperature [T]
(c) Force [F], mass [M], length [L], time [¢], temperature [T]

In system a, force [F] is a secondary dimension and the constant of proportionality in Newton’s second
law is dimensionless. In system b, mass [M] is a secondary dimension, and again the constant of propor-
tionality in Newton’s second law is dimensionless. In system ¢, both force [F] and mass [M] have been
selected as primary dimensions. In this case the constant of proportionality, g. (not to be confused
with g, the acceleration of gravity!) in Newton’s second law (written F =ma /g.) is not dimensionless.
The dimensions of g. must in fact be [ML/Ft?] for the equation to be dimensionally homogeneous. The
numerical value of the constant of proportionality depends on the units of measure chosen for each of
the primary quantities.

Systems of Units

There is more than one way to select the unit of measure for each primary dimension. We shall present
only the more common engineering systems of units for each of the basic systems of dimensions.
Table 1.1 shows the basic units assigned to the primary dimensions for these systems. The units in par-
entheses are those assigned to that unit system’s secondary dimension. Following the table is a brief
description of each of them.

a. MLtT
SI, which is the official abbreviation in all languages for the Systéme International d’Unités, is an exten-
sion and refinement of the traditional metric system. More than 30 countries have declared it to be the
only legally accepted system.

In the ST system of units, the unit of mass is the kilogram (kg), the unit of length is the meter (m), the
unit of time is the second (s), and the unit of temperature is the kelvin (K). Force is a secondary dimen-
sion, and its unit, the newton (N), is defined from Newton’s second law as

IN=1kg-m/s

In the Absolute Metric system of units, the unit of mass is the gram, the unit of length is the centi-
meter, the unit of time is the second, and the unit of temperature is the kelvin. Since force is a secondary
dimension, the unit of force, the dyne, is defined in terms of Newton’s second law as

ldyne=1g-cm/s’

Table 1.1
Common Unit Systems
System of Unit System Force Mass Length  Time  Temperature
Dimensions F M L t T
a. MLtT Systeme International N) kg m S K
d’Unités (SI)
b. FLtT British Gravitational (BG) Ibf (slug) ft S °R
c. FMLtT English Engineering (EE) Ibf Ibm ft S °R

! American Society for Testing and Materials, ASTM Standard for Metric Practice, E380-97. Conshohocken, PA: ASTM, 1997.
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b. FLtT

In the British Gravitational system of units, the unit of force is the pound (Ibf), the unit of length is the
foot (ft), the unit of time is the second, and the unit of temperature is the degree Rankine (°R). Since
mass is a secondary dimension, the unit of mass, the slug, is defined in terms of Newton’s second law as

1slug = 1 Ibf - s /ft

¢. FMLLT

In the English Engineering system of units, the unit of force is the pound force (Ibf), the unit of mass is
the pound mass (Ibm), the unit of length is the foot, the unit of time is the second, and the unit of tem-
perature is the degree Rankine. Since both force and mass are chosen as primary dimensions, Newton’s
second law is written as

QY

m
8c

A force of one pound (1 1bf) is the force that gives a pound mass (1 Ibm) an acceleration equal to the
standard acceleration of gravity on Earth, 32.2 ft/s?. From Newton’s second law we see that

F =

11bm x 32.2 ft/s?
8¢

1 Ibf =

or
g =322 ft-1bm/(Ibf - s?)

The constant of proportionality, g., has both dimensions and units. The dimensions arose because we
selected both force and mass as primary dimensions; the units (and the numerical value) are a conse-
quence of our choices for the standards of measurement.

Since a force of 1 Ibf accelerates 1 Ibm at 32.2 ft/s?, it would accelerate 32.2 Ibm at 1 ft/s>. A slug
also is accelerated at 1 ft/ s? by a force of 1 1bf. Therefore,

1slug=32.21bm

Many textbooks and references use b instead of Ibf or Ibm, leaving it up to the reader to determine
[from the context whether a force or mass is being referred to.

Preferred Systems of Units

In this text we shall use both the SI and the British Gravitational systems of units. In either case, the
constant of proportionality in Newton’s second law is dimensionless and has a value of unity. Conse-
quently, Newton’s second law is written as F' =ma. In these systems, it follows that the gravitational
force (the “weight™®) on an object of mass m is given by W =mg.

SI units and prefixes, together with other defined units and useful conversion factors, are on the
inside cover of the book. In Example 1.4, we show how we convert between mass and weight in the
different unit systems that we use.

Dimensional Consistency and “Engineering” Equations

In engineering, we strive to make equations and formulas have consistent dimensions. That is, each term
in an equation, and obviously both sides of the equation, should be reducible to the same dimensions.
For example, a very important equation we will derive later on is the Bernoulli equation

P1 _D2

+V‘2+ +V22+
p T TEUT T, TED

2 Note that in the English Engineering system, the weight of an object is given by W=mg/g..

11
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Example 1.4 USE OF UNITS

The label on a jar of peanut butter states its net weight is 510 g. Express its mass and weight in SI, BG, and EE units.

Given: Peanut butter “weight,” m=510 g.

Find: Mass and weight in SI, BG, and EE units.

Solution: This problem involves unit conversions and use of the equation relating weight and mass:
W=mg

The given “weight” is actually the mass because it is expressed in units of mass:

mg1 =0.510kg il
Using the conversions given inside the book cover,
1 Ibm 1 Ibm m
= ———— ) =0.510kg ( ————— | =1.121b EE
MEE = 1TISI (0.454 kg) 2 (0.454 kg) m

Using the fact that 1 slug =32.2 lbm,

1 slug 1 slug
—pp (oo ) Z 112 0bm (o of
MIBG = MIEE (32.2 lbm> bm (32.21bm>

=0.0349 slug MBG

To find the weight, we use
W=mg

In ST units, and using the definition of a newton,

m kg-m N
=0.510k 81 =5.
Ws1=0.510kg % 9.8 2 500( 2 )(kg-m/52>

This problem illustrates:

_500N Wsi - Conversions from Sl to BG and EE
systems.
In BG units, and using the definition of a slug, - Use of g, in the EE system.
Notes:

Wgg =0.0349 slug x 32.2 E = 1_12S1ug -t The student may feel this example involves
s? s? a lot of unnecessary calculation details (e.g.,

slug - ft 2 .]bf/ft Wag a factor of 32.2 appears, then disappears),

= 1'12< 2 > ( slu > =L12Ibf —— — but it cannot be stressed enough that such
2 steps should always be explicitly written out

In EE units, we use the form W =mg/g., and using the definition of g, to minimize errors—if you do not write all

steps and units down, it is just too easy, for
example, to multiply by a conversion factor

fi 1 36.1 Ibm-ft
Wig = 1.121bm x32.2 5 X — = m

8¢ 8¢ s? when you should be dividing by it. For the
Ibm - ft Ibf - s2 weights in SI, BG, and EE units, we could
=36.1 < rr12 > ( F Sl ) =1.12 lbf<—WEE alternatively have looked up the conversion
S 32.2ft-1bm from newton to Ibf.

which relates the pressure p, velocity V, and elevation z between points 1 and 2 along a streamline for a
steady, frictionless incompressible flow (density p). This equation is dimensionally consistent because
each term in the equation can be reduced to dimensions of L?/#* (the pressure term dimensions are
FL/M, but from Newton’s law we find F =M /L¢*, so FL/M = ML?> /Mt* = * /.

Almost all equations you are likely to encounter will be dimensionally consistent. However, you
should be alert to some still commonly used equations that are not; these are often “engineering”
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equations derived many years ago, or are empirical (based on experiment rather than theory), or are pro-
prietary equations used in a particular industry or company. For example, civil engineers often use the
semi-empirical Manning equation
2/3 /2
RSy
n

V=

which gives the flow speed V in an open channel (such as a canal) as a function of the hydraulic radius R;,
(which is a measure of the flow cross-section and contact surface area), the channel slope Sy, and a con-
stant n (the Manning resistance coefficient). The value of this constant depends on the surface condition
of the channel. For example, for a canal made from unfinished concrete, most references give n ~ 0.014.
Unfortunately, the equation is dimensionally inconsistent! For the right side of the equation, R, has
dimensions L, and Sy is dimensionless, so with a dimensionless constant n, we end up with dimensions
of L/3; for the left side of the equation the dimensions must be L /1! A user of the equation is supposed to
know that the values of n provided in most references will give correct results only if we ignore the
dimensional inconsistency, always use R, in meters, and interpret V to be in m/s! (The alert student will
realize that this means that even though handbooks provide n values as just constants, they must have
units of s/ m'/3.) Because the equation is dimensionally inconsistent, using the same value for n with R;,
in ft does not give the correct value for V in ft/s.

A second type of problem is one in which the dimensions of an equation are consistent but use of
units is not. The commonly used EER of an air conditioner is
cooling rate
EER= —————

electrical input

which indicates how efficiently the AC works—a higher EER value indicates better performance. The
equation is dimensionally consistent, with the EER being dimensionless (the cooling rate and electrical
input are both measured in energy/time). However, it is used, in a sense, incorrectly, because the units
traditionally used in it are not consistent. For example, a good EER value is 10, which would appear to
imply you receive, say, 10 kW of cooling for each 1 kW of electrical power. In fact, an EER of 10 means
you receive 10 Btu/hr of cooling for each 1 W of electrical power! Manufacturers, retailers, and custo-
mers all use the EER, in a sense, incorrectly in that they quote an EER of, say, 10, rather than the correct
way, of 10 Btu/hr/W. (The EER, as used, is an everyday, inconsistent unit version of the coefficient of
performance, COP, studied in thermodynamics.)

The two examples above illustrate the dangers in using certain equations. Almost all the equations
encountered in this text will be dimensionally consistent, but you should be aware of the occasional
troublesome equation you will encounter in your engineering studies.

As a final note on units, we stated earlier that we will use SI and BG units in this text. You will
become very familiar with their use through using this text but should be aware that many of the units
used, although they are scientifically and engineering-wise correct, are nevertheless not units you will
use in everyday activities, and vice versa; we do not recommend asking your grocer to give you, say,
22 newtons, or 0.16 slugs, of potatoes; nor should you be expected to immediately know what, say, a
motor oil viscosity of 5SW20 means!

SI units and prefixes, other defined units, and useful conversions are given on the inside of the
book cover.

1.5 Analysis of Experimental Error

Most consumers are unaware of it but, as with most foodstuffs, soft drink containers are filled to plus or
minus a certain amount, as allowed by law. Because it is difficult to precisely measure the filling of a
container in a rapid production process, a 12-fl-oz container may actually contain 12.1, or 12.7, fl oz. The
manufacturer is never supposed to supply less than the specified amount; and it will reduce profits if it
is unnecessarily generous. Similarly, the supplier of components for the interior of a car must satisfy
minimum and maximum dimensions (each component has what are called tolerances) so that the final
appearance of the interior is visually appealing. Engineers performing experiments must measure not
just data but also the uncertainties in their measurements. They must also somehow determine how these
uncertainties affect the uncertainty in the final result.

13
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All of these examples illustrate the importance of experimental uncertainty, that is, the study of
uncertainties in measurements and their effect on overall results. There is always a trade-off in exper-
imental work or in manufacturing: We can reduce the uncertainties to a desired level, but the smaller the
uncertainty (the more precise the measurement or experiment), the more expensive the procedure will be.
Furthermore, in a complex manufacture or experiment, it is not always easy to see which measurement
uncertainty has the biggest influence on the final outcome.

Anyone involved in manufacturing, or in experimental work, should understand experimental
uncertainties. Appendix E has details on this topic; there is a selection of problems on this topic at

the end of this chapter.

1.6 Summary

In this chapter we introduced or reviewed a number of basic concepts and definitions, including:

System/control volume concepts

AN N NN

Experimental uncertainty

Definition of a Fluid: Basic Equations
1.1 A number of common substances are

Tar Sand
“Silly Putty” Jello
Modeling clay Toothpaste

Wax Shaving cream
Some of these materials exhibit characteristics of both solid and fluid
behavior under different conditions. Explain and give examples.

1.2 Give a word statement of each of the five basic conservation laws
stated in Section 1.2, as they apply to a system.

Methods of Analysis

1.3 The barrel of a bicycle tire pump becomes quite warm during use.
Explain the mechanisms responsible for the temperature increase.

1.4 Very small particles moving in fluids are known to experience a
drag force proportional to speed. Consider a particle of net weight W
dropped in a fluid. The particle experiences a drag force, Fp =kV,
where V is the particle speed. Determine the time required for the par-
ticle to accelerate from rest to 95 percent of its terminal speed, V;, in
terms of k£, W, and g.

[] 1.5 In a combustion process, gasoline particles are to be dropped in

air at 200°F. The particles must drop at least 10 in. in 1 s. Find the
diameter d of droplets required for this. (The drag on these particles is
given by Fp =3zuVd, where V is the particle speed and y is the air
viscosity. To solve this problem, use Excel’s Goal Seek.)

1.6 In a pollution control experiment, minute solid particles (typical
mass 1x 107" slug) are dropped in air. The terminal speed of the
particles is measured to be 0.2 ft/s. The drag of these particles is
given by Fp =kV, where V is the instantaneous particle speed. Find
the value of the constant k. Find the time required to reach 99 percent
of terminal speed.

How fluids are defined, and the no-slip condition

Lagrangian and Eulerian descriptions
Units and dimensions (including SI, British Gravitational, and English Engineering systems)

. e N e P e N N i 7'

1.7 A rocket payload with a weight on earth of 2000 Ib is landed
on the moon where the acceleration due to the moon’s gravity
8m~gy/6. Find the mass of the payload on the earth and the moon
and the payload’s moon weight.

1.8 A cubic metre of air at 101 kPa absolute and 15°C weighs 12.0 N.
What is its specific volume? What is the specific volume if it is
cooled to —10°C at constant pressure?

1.9 Calculate the specific weight, specific volume, and density of air
at 40°F and 50 psia. What are these values if the air is then com-
pressed isentropically to 100 psia?

1.10 For Problem 1.6, find the distance the particles travel before ;

reaching 99 percent of terminal speed. Plot the distance traveled as
a function of time.

1.11 A sky diver with a mass of 70 kg jumps from an aircraft. The [ ]

aerodynamic drag force acting on the sky diver is known to be
Fp=kV?, where k=0.25N-s?/m?. Determine the maximum speed
of free fall for the sky diver and the speed reached after 100 m of fall.
Plot the speed of the sky diver as a function of time and as a function
of distance fallen.

1.12 The English perfected the longbow as a weapon after
the Medieval period. In the hands of a skilled archer, the longbow
was reputed to be accurate at ranges to 100 m or more. If the
maximum altitude of an arrow is less than /=10 m while traveling
to a target 100 m away from the archer, and neglecting air resistance,
estimate the speed and angle at which the arrow must leave the bow.
Plot the required release speed and angle as a function of height /.

Dimensions and Units

1.13 For each quantity listed, indicate dimensions using mass as a
primary dimension, and give typical SI and English units:

(a) Power
(b) Pressure



(c) Modulus of elasticity
(d) Angular velocity

(e) Energy

(f) Moment of a force
(g) Momentum

(h) Shear stress

(i) Strain

(j) Angular momentum

1.14 The density of a sample of sea water is 1.99 slugs/ft. What are
the values in SI and EE units?

1.15 A pump is rated at 50 hp. What is the rating in kW and Btu/hr?

1.16 A fluid occupying 3.2 m® has a mass of 4 Mg. Calculate its den-
sity and specific volume in SI, EE, and BG units.

1.17 If a power plant is rated at 2000 MW output and operates (on
average) at 75% of rated power, how much energy (in J and ft.lbs)
does it put out in a year?

1.18 For each quantity listed, indicate dimensions using force as a
primary dimension, and give typical SI and English units:
(a) Power

(b) Pressure

(c) Modulus of elasticity

(d) Angular velocity

(e) Energy

(f) Momentum

(g) Shear stress

(h) Specific heat

(i) Thermal expansion coefficient
(j) Angular momentum

1.19 Derive the following conversion factors:
(a) Convert a pressure of 1 psi to kPa.

(b) Convert a volume of 1 liter to gallons.

(c) Convert a viscosity of 1 Ibf-s/ft> to N-s/m?.

[ ] 1.20 Express the following in SI units:
(a) 5acreft

(b) 150in.3/s

(c) 3 gpm

(d) 3 mph/s

1.21 Express the following in SI units:
(a) 100 cfm(ff’ /min)

(b) 5 gal

(c) 65 mph

(d) 5.4 acres

1.22 Express the following in BG units:
(a) 50m?

(b) 250cc

(c) 100kW

(d) 5kg/m?

1.23 While you’re waiting for the ribs to cook, you muse about the
propane tank of your barbecue. You’re curious about the volume of

Problems 15

propane versus the actual tank size. Find the liquid propane volume
when full (the weight of the propane is specified on the tank). Com-
pare this to the tank volume (take some measurements, and approx-
imate the tank shape as a cylinder with a hemisphere on each end).
Explain the discrepancy.

1.24 Derive the following conversion factors:
(a) Convert a volume flow rate in cubic inches per minute to cubic
millimeters per minute.

(b) Convert a volume flow rate in cubic meters per second to gal-
lons per minute (gpm).

(c) Convert a volume flow rate in liters per minute to gpm.

(d) Convert a volume flow rate of air in standard cubic feet per
minute (SCFM) to cubic meters per hour. A standard cubic foot
of gas occupies one cubic foot at standard temperature and pres-
sure (T'=15°C and p=101.3 kPa absolute).

1.25 The kilogram force is commonly used in Europe as a unit of
force. (As in the U.S. customary system, where 11bf is the force
exerted by a mass of 11bm in standard gravity, 1kgf is the force
exerted by a mass of 1kg in standard gravity.) Moderate pressures,
such as those for auto or truck tires, are conveniently expressed in
units of kgf /cm?. Convert 32 psig to these units.

1.26 From thermodynamics, we know that the coefficient of perfor-
mance of an ideal air conditioner (COPjqea) is given by

1
COPigea = ——
ideal TH — TL
where 77 and Ty are the room and outside temperatures (absolute). If
an AC is to keep a room at 20°C when it is 40°C outside, find the
COPigear. Convert to an EER value, and compare this to a typical
Energy Star—compliant EER value.

1.27 The maximum theoretical flow rate (slug/s) through a super-
sonic nozzle is

Apo
VT

where A, (%) is the nozzle throat area, py (psia) is the tank pressure,
and T (R) is the tank temperature. Is this equation dimensionally cor-
rect? If not, find the units of the 2.38 term. Write the equivalent equa-
tion in ST units.

Hmax =2.38

1.28 The mean free path A of a molecule of gas is the average dis-
tance it travels before collision with another molecule. It is given by

where m and d are the molecule’s mass and diameter, respectively,
and p is the gas density. What are the dimensions of constant C
for a dimensionally consistent equation?

1.29 A container weighs 3.51bf when empty. When filled with
water at 90°F, the mass of the container and its contents is
2.5 slug. Find the weight of water in the container, and its volume
in cubic feet, using data from Appendix A.

1.30 A parameter that is often used in describing pump performance

is the specific speed, Ns,,, given by
v = N(pm)[Q(gpm)]'”
[H (0]
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What are the units of specific speed? A particular pump has a spe-
cific speed of 2000. What will be the specific speed in SI units (angu-
lar velocity in rad/s)?

Analysis of Experimental Error

1.31 Calculate the density of standard air in a laboratory from the ideal
gas equation of state. Estimate the experimental uncertainty in the air
density calculated for standard conditions (29.9 in. of mercury and
59°F) if the uncertainty in measuring the barometer height is 0.1
in. of mercury and the uncertainty in measuring temperature is
+0.5°F. (Note that 29.9 in. of mercury corresponds to 14.7 psia.)

1.32 The mass of the standard American golf ball is 1.62£0.01 oz
and its mean diameter is 1.68 £0.01 in. Determine the density and
specific gravity of the American golf ball. Estimate the uncertainties
in the calculated values.

1.33 A can of pet food has the following internal dimensions:
102 mm height and 73 mm diameter (each £1 mm at odds of
20 to 1). The label lists the mass of the contents as 397 g. Evaluate
the magnitude and estimated uncertainty of the density of the pet food
if the mass value is accurate to =1 g at the same odds.

1.34 The mass flow rate in a water flow system determined by col-
lecting the discharge over a timed interval is 0.2kg/s. The scales
used can be read to the nearest 0.05 kg and the stopwatch is accurate
to 0.2 s. Estimate the precision with which the flow rate can be cal-
culated for time intervals of (a) 10 s and (b) 1 min.

1.35 The mass flow rate of water in a tube is measured using a beaker
to catch water during a timed interval. The nominal mass flow rate is
100 g/s. Assume that mass is measured using a balance with a least
count of 1 g and a maximum capacity of 1kg, and that the timer
has a least count of 0.1 s. Estimate the time intervals and uncertainties
in measured mass flow rate that would result from using 100, 500, and
1000 mL beakers. Would there be any advantage in using the largest
beaker? Assume the tare mass of the empty 1000 mL beaker is 500 g.

1.36 The mass of the standard British golf ball is 45.9 4-0.3 g and its
mean diameter is 41.1 +0.3 mm. Determine the density and specific
gravity of the British golf ball. Estimate the uncertainties in the cal-
culated values.

1.37 From Appendix A, the viscosity u(N-s/m?) of water at tem-
perature 7(K) can be computed from u =A108/=X) where
A=2414x 107 N-s/mz,B=247.8 K, and C =140 K. Determine
the viscosity of water at 30°C, and estimate its uncertainty if the
uncertainty in temperature measurement is £0.5°C.

1.38 An enthusiast magazine publishes data from its road tests on the
lateral acceleration capability of cars. The measurements are made
using a 150-ft-diameter skid pad. Assume the vehicle path deviates
from the circle by &2 ft and that the vehicle speed is read from a fifth-
wheel speed-measuring system to £0.5 mph. Estimate the experi-
mental uncertainty in a reported lateral acceleration of 0.7 g. How
would you improve the experimental procedure to reduce the
uncertainty?

1.39 The height of a building may be estimated by measuring [ ]

the horizontal distance to a point on the ground and the angle
from this point to the top of the building. Assuming these mea-
surements are L=100=£0.5 ft and 0 =3040.2°, estimate the height
H of the building and the uncertainty in the estimate. For the
same building height and measurement uncertainties, use Excel’s
Solver to determine the angle (and the corresponding distance
from the building) at which measurements should be made to
minimize the uncertainty in estimated height. Evaluate and plot
the optimum measurement angle as a function of building height
for 50 <H <1000 ft.

1.40 An American golf ball is described in Problem 1.32 Assum-
ing the measured mass and its uncertainty as given, determine the
precision to which the diameter of the ball must be measured so
the density of the ball may be estimated within an uncertainty of
+1 percent.



CHAPTER 2

Fundamental Concepts

2.5 Surface Tension
2.6 Description and Classification of Fluid Motions
2.7 Summary and Useful Equations

2.1 Fluid as a Continuum
2.2 Velocity Field
2.3 Stress Field

2.4 Viscosity

Case Study

Fluid Mechanics and Your Audio Player

Some people have the impression that fluid mechanics is old- or
low-tech: water flow in a household pipe, the fluid forces acting
on a dam, and so on. While it's true that many concepts in
fluid mechanics are hundreds of years old, there are still lots
of exciting new areas of research and development. Everyone
has heard of the relatively high-tech area of fluid mechanics
called streamlining (of cars, aircraft, racing bikes, and racing
swimsuits, to mention a few), but there are many others. All
of these developments depend on understanding the basic ideas
behind what a fluid is and how it behaves, as discussed in this
chapter.

If you're a typical engineering student, there’s a decent chance
that while reading this chapter you're listening to music on an
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audio player; you can thank fluid mechanics for your ability to
do this! The tiny hard disk drive (HDD) in many of these devices
typically holds about 250 gigabytes (GB) of data, so the disk plat-
ter must have a huge density (greater than 100,000 tracks per
inch); in addition, the read/write head must get very close to
the platter as it transfers data (typically the head is about
0.05um above the platter surface—a human hair is about
100 um). The platter also spins at something greater than 500
revolutions per second! Hence the bearings in which the spindle
of the platter spins must have very low friction but also have vir-
tually no play or looseness—otherwise, at worst, the head will
crash into the platter or, at best, you won't be able to read the
data (it will be too closely packed). The friction is due to both
the effect of air viscosity on the spinning disk and oil viscosity
in the bearings.

Designing such a bearing presents quite a challenge. Until a
few years ago, most hard drives used ball bearings (BBs), which
are essentially just like those in the wheel of a bicycle; they work
on the principle that a spindle can rotate if it is held by a ring of
small spheres that are supported in a cage. The problems with
BBs are that they have a lot of components; they are very difficult
to build to the precision needed for the HDD; they are vulnerable
to shock (if you drop an HDD with such a drive, you're likely to
dent one of the spheres as it hits the spindle, destroying the bear-
ing); and they are relatively noisy.

Hard-drive makers are increasingly moving to fluid dynamic
bearings (FDBs). These are mechanically much simpler than
BBs; they consist basically of the spindle directly mounted in the
bearing opening, with only a specially formulated viscous lubri-
cant (such as ester oil) in the gap of only a few microns. The spin-
dle and/or bearing surfaces have a herringbone pattern of grooves
to maintain the oil in place. These bearings are extremely durable
(they can often survive a shock of 500 g!) and low noise; they will
also allow rotation speeds in excess of 15,000 rpm in the future,
making data access even faster than with current devices. FDBs
have been used before, in devices such as gyroscopes, but making
them at such a small scale is new. Some FDBs even use pressurized
air as the lubrication fluid, but one of the problems with these is
that they sometimes stop working when you take them on an air-
plane flight—the cabin pressure is insufficient to maintain the
pressure the bearing needs!

17
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In recent times the price and capacity of flash memory have will also switch to flash memory, but at least for the next few
improved so much that many music players are switching to this years HDDs will be the primary storage medium. Your PC will still
technology from HDDs. Eventually, notebook and desktop PCs have vital fluid-mechanical components!
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In Chapter 1 we discussed in general terms what fluid mechanics is about, and described some of the
approaches we will use in analyzing fluid mechanics problems. In this chapter we will be more specific
in defining some important properties of fluids and ways in which flows can be described and
characterized.

2.1 Fluid as a Continuum

We are all familiar with fluids—the most common being air and water—and we experience them as
being “smooth,” i.e., as being a continuous medium. Unless we use specialized equipment, we are
not aware of the underlying molecular nature of fluids. This molecular structure is one in which the mass
is not continuously distributed in space, but is concentrated in molecules that are separated by relatively
large regions of empty space. The sketch in Fig. 2.1a shows a schematic representation of this. A region
of space “filled” by a stationary fluid (e.g., air, treated as a single gas) looks like a continuous medium,
but if we zoom in on a very small cube of it, we can see that we mostly have empty space, with gas
molecules scattered around, moving at high speed (indicated by the gas temperature). Note that the size
of the gas molecules is greatly exaggerated (they would be almost invisible even at this scale) and that we
have placed velocity vectors only on a small sample. We wish to ask: What is the minimum volume, 6%/,
that a “point” C must be, so that we can talk about continuous fluid properties such as the density at a
point? In other words, under what circumstances can a fluid be treated as a continuum, for which, by
definition, properties vary smoothly from point to point? This is an important question because the con-
cept of a continuum is the basis of classical fluid mechanics.

Consider how we determine the density at a point. Density is defined as mass per unit volume; in
Fig. 2.1a the mass om will be given by the instantaneous number of molecules in 6% (and the mass of
each molecule), so the average density in volume 6% is given by p = 6m/5%. We say “average” because
the number of molecules in 6%, and hence the density, fluctuates. For example, if the gas in Fig. 2.1a was
air at standard temperature and pressure (STPI) and the volume 6% was a sphere of diameter 0.01um,
there might be 15 molecules in 6% (as shown), but an instant later there might be 17 (three might enter
while one leaves). Hence the density at “point” C randomly fluctuates in time, as shown in Fig. 2.15. In
this figure, each vertical dashed line represents a specific chosen volume, 6%, and each data point repre-
sents the measured density at an instant. For very small volumes, the density varies greatly, but above a
certain volume, 5%/, the density becomes stable—the volume now encloses a huge number of molecules.

“Point” Cat x,y,z
Volume &8V
of mass &m

1
I
I
|
1 bm/s¥
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Fig. 2.1 Definition of density at a point.

'STP for air are 15°C (59°F) and 101.3 kPa absolute (14.696 psia), respectively.
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2.2 Velocity Field

For example, if 8% =0.001 mm? (about the size of a grain of sand), there will on average be 2.5 x 10
molecules present. Hence we can conclude that air at STP (and other gases, and liquids) can be treated as
a continuous medium as long as we consider a “point” to be no smaller than about this size; this is suf-
ficiently precise for most engineering applications.

The concept of a continuum is the basis of classical fluid mechanics. The continuum assumption is
valid in treating the behavior of fluids under normal conditions. It only breaks down when the mean free
path of the molecules® becomes the same order of magnitude as the smallest significant characteristic
dimension of the problem. This occurs in such specialized problems as rarefied gas flow (e.g., as encoun-
tered in flights into the upper reaches of the atmosphere). For these specialized cases (not covered in this
text) we must abandon the concept of a continuum in favor of the microscopic and statistical points of view.

As a consequence of the continuum assumption, each fluid property is assumed to have a definite
value at every point in space. Thus fluid properties such as density, temperature, velocity, and so on are
considered to be continuous functions of position and time. For example, we now have a workable def-
inition of density at a point,

0= i, 5 @)
Since point C was arbitrary, the density at any other point in the fluid could be determined in the same
manner. If density was measured simultaneously at an infinite number of points in the fluid, we would
obtain an expression for the density distribution as a function of the space coordinates, p =p(x,y,z), at
the given instant.

The density at a point may also vary with time (as a result of work done on or by the fluid and/or heat
transfer to the fluid). Thus the complete representation of density (the field representation) is given by

p=p(x.,2,1) (2.2)

Since density is a scalar quantity, requiring only the specification of a magnitude for a complete descrip-
tion, the field represented by Eq. 2.2 is a scalar field.

An alternative way of expressing the density of a substance (solid or fluid) is to compare it to
an accepted reference value, typically the maximum density of water, py,o (1000 kg/ m? at 4°C or
1.94 slug/ ft® at 39°F). Thus, the specific gravity, SG, of a substance is expressed as

SG=-"L— (23)

PH,0

For example, the SG of mercury is typically 13.6—mercury is 13.6 times as dense as water. Appendix A
contains specific gravity data for selected engineering materials. The specific gravity of liquids is a
function of temperature; for most liquids specific gravity decreases with increasing temperature.

The specific weight, y, of a substance is another useful material property. It is defined as the weight
of a substance per unit volume and given as

m

7=;g—>7/=pg (2.4)

For example, the specific weight of water is approximately 9.81 kN/m3(62.4 Ibf /ft®).

2.2 Velocity Field

In the previous section we saw that the continuum assumption led directly to the notion of the density
field. Other fluid properties also may be described by fields.
A very important property defined by a field is the velocity field, given by

V=V (xy.z) (2.5)

2 Approximately 6 x 108 m at STP (Standard Temperature and Pressure) for gas molecules that show ideal gas behavior [1].
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Velocity is a vector quantity, requiring a magnitude and direction for a complete description, so the
velocity field (Eq. 2.5) is a vector field.

The velocity vector, V, also can be written in terms of its three scalar components. Denoting the
components in the x, y, and z directions by u, v, and w, then

V =ui+uvj+wk (2.6)
In general, each component, u, v, and w, will be a function of x, y, z, and 7.

We need to be clear on what V (x,y,z,¢) measures: It indicates the velocity of a fluid particle that is
passing through the point x, y, z at time instant ¢, in the Eulerian sense. We can keep measuring the veloc-
ity at the same point or choose any other point x, y, z at the next time instant; the point x, y, z is not the
ongoing position of an individual particle, but a point we choose to look at. (Hence x, y, and z are inde-
pendent variables. In Chapter 5 we will discuss the material derivative of velocity, in which we choose
x=x,(1), y=yp(t), and z=2z,(), where x,(t),y,(t),z,(t) is the position of a specific particle.) We con-
clude that V (x,y,z,t) should be thought of as the velocity field of all particles, not just the velocity of an
individual particle.

If properties at every point in a flow field do not change with time, the flow is termed steady. Stated
mathematically, the definition of steady flow is

on
L—0
ot
where 7 represents any fluid property. Hence, for steady flow,
dp
_— 0 = 5 Y,
o =0 or p=pley)
and
WV_por V= V(x,y,z)
ot

In steady flow, any property may vary from point to point in the field, but all properties remain constant
with time at every point.

One-, Two-, and Three-Dimensional Flows

A flow is classified as one-, two-, or three-dimensional depending on the number of space coordinates
required to specify the velocity field.®> Equation 2.5 indicates that the velocity field may be a function of
three space coordinates and time. Such a flow field is termed three-dimensional (it is also unsteady)
because the velocity at any point in the flow field depends on the three coordinates required to locate
the point in space.

Although most flow fields are inherently three-dimensional, analysis based on fewer dimensions is
frequently meaningful. Consider, for example, the steady flow through a long straight pipe that has
a divergent section, as shown in Fig. 2.2. In this example, we are using cylindrical coordinates
(r,0,x). We will learn (in Chapter 8) that under certain circumstances (e.g., far from the entrance of
the pipe and from the divergent section, where the flow can be quite complicated), the velocity distri-

bution may be described by
r 2
U= Umax {1 - <E) } (2.7)

This is shown on the left of Fig. 2.2. The velocity u(r) is a function of only one coordinate, and so the
flow is one-dimensional. On the other hand, in the diverging section, the velocity decreases in the x
direction, and the flow becomes two-dimensional: u = u(r,x).

3 Some authors choose to classify a flow as one-, two-, or three-dimensional on the basis of the number of space coordinates
required to specify all fluid properties. In this text, classification of flow fields will be based on the number of space coordinates
required to specify the velocity field only.
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u(r)

Fig. 2.2 Examples of one- and two-dimensional flows.

Fig. 2.3 Example of uniform flow at a section.

As you might suspect, the complexity of analysis increases considerably with the number of dimen-
sions of the flow field. For many problems encountered in engineering, a one-dimensional analysis is
adequate to provide approximate solutions of engineering accuracy.

Since all fluids satisfying the continuum assumption must have zero relative velocity at a solid sur-
face (to satisfy the no-slip condition), most flows are inherently two- or three-dimensional. To simplify
the analysis it is often convenient to use the notion of uniform flow at a given cross section. In a flow that
is uniform at a given cross section, the velocity is constant across any section normal to the flow. Under
this assumption,* the two-dimensional flow of Fig. 2.2 is modeled as the flow shown in Fig. 2.3. In the
flow of Fig. 2.3, the velocity field is a function of x alone, and thus the flow model is one-dimensional.
(Other properties, such as density or pressure, also may be assumed uniform at a section, if appropriate.)

The term uniform flow field (as opposed to uniform flow at a cross section) is used to describe a
flow in which the velocity is constant, i.e., independent of all space coordinates, throughout the entire
flow field.

Timelines, Pathlines, Streaklines, and Streamlines

Airplane and auto companies and college engineering laboratories, among others, frequently use wind
tunnels to visualize flow fields [2]. For example, Fig. 2.4 shows a flow pattern for flow around a car
mounted in a wind tunnel, generated by releasing smoke into the flow at five fixed upstream points.
Flow patterns can be visualized using timelines, pathlines, streaklines, or streamlines.

If a number of adjacent fluid particles in a flow field are marked at a given instant, they form a line in
the fluid at that instant; this line is called a timeline. Subsequent observations of the line may provide
information about the flow field. For example, in discussing the behavior of a fluid under the action of
a constant shear force (Section 1.1) timelines were introduced to demonstrate the deformation of a fluid
at successive instants.

A pathline is the path or trajectory traced out by a moving fluid particle. To make a pathline visible,
we might identify a fluid particle at a given instant, e.g., by the use of dye or smoke, and then take a long
exposure photograph of its subsequent motion. The line traced out by the particle is a pathline. This
approach might be used to study, for example, the trajectory of a contaminant leaving a smokestack.

On the other hand, we might choose to focus our attention on a fixed location in space and identify,
again by the use of dye or smoke, all fluid particles passing through this point. After a short period of

4 This may seem like an unrealistic simplification, but actually in many cases leads to useful results. Sweeping assumptions such as
uniform flow at a cross section should always be reviewed carefully to be sure they provide a reasonable analytical model of the
real flow.
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Fig. 2.4 Streaklines over an automobile in a wind tunnel.

time we would have a number of identifiable fluid particles in the flow, all of which had, at some time,
passed through one fixed location in space. The line joining these fluid particles is defined as a
streakline.

Streamlines are lines drawn in the flow field so that at a given instant they are tangent to the direction
of flow at every point in the flow field. Since the streamlines are tangent to the velocity vector at every
point in the flow field, there can be no flow across a streamline. Streamlines are the most commonly
used visualization technique. For example, they are used to study flow over an automobile in a computer
simulation. The procedure used to obtain the equation for a streamline in two-dimensional flow is illus-
trated in Example 2.1.

In steady flow, the velocity at each point in the flow field remains constant with time and, conse-
quently, the streamline shapes do not vary from one instant to the next. This implies that a particle
located on a given streamline will always move along the same streamline. Furthermore, consecutive par-
ticles passing through a fixed point in space will be on the same streamline and, subsequently, will remain
on this streamline. Thus in a steady flow, pathlines, streaklines, and streamlines are identical lines in the
flow field.

Figure 2.4 shows a photograph of ten streaklines for flow over an automobile in a wind tunnel.
A streakline is the line produced in a flow when all particles moving through a fixed point are
marked in some way (e.g., using smoke, as shown in Figure 2.4). We can also define streamlines.
These are lines drawn in the flow field so that at a given instant they are tangent to the direction of
flow at every point in the flow field. Since the streamlines are tangent to the velocity vector at every
point in the flow field, there is no flow across a streamline. Pathlines are as the name implies: They
show, over time, the paths individual particles take (if you’ve seen time-lapse photos of nighttime
traffic, you get the idea). Finally, timelines are created by marking a line in a flow and watching how
it evolves over time.

We mentioned that Fig. 2.4 shows streaklines, but in fact the pattern shown also represents stream-
lines and pathlines! The steady pattern shown will exist as long as smoke is released from the five fixed
points. If we were somehow to measure the velocity at all points at an instant, to generate streamlines,
we’d get the same pattern; if we were instead to release only one smoke particle at each location, and
film its motion over time, we’d see the particles follow the same curves. We conclude that for steady
flow, streaklines, streamlines, and pathlines are identical.
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Example 2.1 STREAMLINES AND PATHLINES IN TWO-DIMENSIONAL FLOW

A velocity field is given by V =Axi —Ayj; the units of velocity are m/s; x and y are given in meters; A=0.3s"'.

(a) Obtain an equation for the streamlines in the xy plane.

(b) Plot the streamline passing through the point (xg,yo) =2.8.

(c) Determine the velocity of a particle at the point (2, 8).

(d) If the particle passing through the point (xo,yo) is marked at time =0, determine the location of the particle at time t=6s.
(e) What is the velocity of this particle at time =6 s?

(f) Show that the equation of the particle path (the pathline) is the same as the equation of the streamline.

Given: Velocity field, 1% =Axi—Ayj; x and y in meters; A=0.3s~".

Find: (a) Equation of the streamlines in the xy plane.
(b) Streamline plot through point (2, 8).
(c) Velocity of particle at point (2, 8).
(d) Position at t=6s of particle located at (2, 8) at £=0.
(e) Velocity of particle at position found in (d).
(f) Equation of pathline of particle located at (2, 8) at #=0.

Solution:

(a) Streamlines are lines drawn in the flow field such that, at a given instant, they are tangent to the direction of flow at every
point. Consequently,

dy) v —Ay -y
dx streamline u Ax X

16
Separating variables and integrating, we obtain

JEANE
y X

12

E 8 Vog=0.60-2.4]mis
or P
Iny=—Inx+c; 41—
This can be written as xy=c 0 xy =16 m?
(b) For the streamline passing through the point (xo,yo) = (2,8) the constant, 0 4 ] 12 16
¢, has a value of 16 and the equation of the streamline through the point X (m)

@, 8) is

xy =xoyo =16 m*

The plot is as sketched above.
(c) The velocity field is V =Axi—Ayj. At the point (2, 8) the velocity is

—

V =A(xi—yj) =035 (2i-8))m=0.6i—2.4j m/s

(d) A particle moving in the flow field will have velocity given by

1% =Axi—Ayj
Thus

d d
up:z)::Ax and vp:d—);:—Ay
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Separating variables and integrating (in each equation) gives

X t y t
/LE= Adt and /@=/ —Adt
x X 0 yo Y 0

Then
In =Ar and In- = —Ar
X0 Yo
or
x=xpe" and y=yge 4
Att=6s,

x=2m e =12.1m and y=8m ¢~ ©3°=1.32m

At t=6s, particle is at (12.1, 1.32) m
(e) At the point (12.1, 1.32) m,

V=A(xi—y)=0.3s"(12.1i-1.32))m
Notes:

=3.63i—0.396/ m/s « This problem illustrates the method for
computing streamlines and pathlines.
- Because this is a steady flow, the

(f) To determine the equation of the pathline, we use the parametric equations

x=x0e! and y=yje N streamlipes and pathlines have. the same
shape—in an unsteady flow this would
and eliminate 7. Solving for e’ from both equations not be true.
yo X + When we follow a particle (the Lagran-
=== gian approach), its position (x,y) and
y X velocity (u, = dx/dt and v, = dx/dt) are
Therefore xy = xgyo = 16 m? functions of time, even though the flow is

steady.

Things are quite different for unsteady flow. For unsteady flow, streaklines, streamlines, and path-
lines will in general have differing shapes. For example, consider holding a garden hose and swinging it
side to side as water exits at high speed, as shown in Fig. 2.5. We obtain a continuous sheet of water.
If we consider individual water particles, we see that each particle, once ejected, follows a straight-line
path (here, for simplicity, we ignore gravity): The pathlines are straight lines, as shown. On the other
hand, if we start injecting dye into the water as it exits the hose, we will generate a streakline, and this
takes the shape of an expanding sine wave, as shown. Clearly, pathlines and streaklines do not coincide
for this unsteady flow (we leave determination of streamlines to an exercise).

We can use the velocity field to derive the shapes of streaklines, pathlines, and streamlines. Starting
with streamlines: Because the streamlines are parallel to the velocity vector, we can write (for 2D)

&) st o8
streamline

dx

/Pathlines of

individual
\.\f!md particles

o W)

Streakline at Streakline at a
some instant later instant

Fig. 2.5 Pathlines and streaklines for flow from the exit of an oscillating garden hose.
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Note that streamlines are obtained at an instant in time; if the flow is unsteady, time 7 is held constant in
Eq. 2.8. Solution of this equation gives the equation y = y(x), with an undetermined integration constant,
the value of which determines the particular streamline.

For pathlines (again considering 2D), we let x=x, () and y =y, (z), where x,(¢) and y,(r) are the
instantaneous coordinates of a specific particle. We then get

dx) >
— =u(xyt) — =o(x,y,1 29
ar ) i (xyr) — e (x.y.1) (29)

The simultaneous solution of these equations gives the path of a particle in parametric form x,,(z), y,(z).

The computation of streaklines is somewhat tricky. The first step is to compute the pathline of a
particle (using Eqgs. 2.9) that was released from the streak source point (coordinates xo, yo) at time #,
in the form

Xparticle (1) =x(t,x0,¥0.%0) Yparticle (1) =y(t,x0,¥0.10)

Then, instead of interpreting this as the position of a particle over time, we rewrite these equations as

xstreak]ine(to) =x(t’x09y0’t0) ystreakline(to) =)’(t’x0»y0’t0) (210)

Equations 2.10 give the line generated (by time 7) from a streak source at point (xg,yo). In these equa-
tions, fy (the release times of particles) is varied from O to ¢ to show the instantaneous positions of all
particles released up to time ¢!

2.3 Stress Field

In our study of fluid mechanics, we will need to understand what kinds of forces act on fluid particles.
Each fluid particle can experience: surface forces (pressure, friction) that are generated by contact with
other particles or a solid surface; and body forces (such as gravity and electromagnetic) that are expe-
rienced throughout the particle.

The gravitational body force acting on an element of volume, d¥%, is given by pgd¥, where p is the
density (mass per unit volume) and g is the local gravitational acceleration. Thus the gravitational body
force per unit volume is pg and the gravitational body force per unit mass is g.

Surface forces on a fluid particle lead to stresses. The concept of stress is useful for describing how
forces acting on the boundaries of a medium (fluid or solid) are transmitted throughout the medium. You
have probably seen stresses discussed in solid mechanics. For example, when you stand on a diving
board, stresses are generated within the board. On the other hand, when a body moves through a fluid,
stresses are developed within the fluid. The difference between a fluid and a solid is, as we’ve seen, that
stresses in a fluid are mostly generated by motion rather than by deflection.

Imagine the surface of a fluid particle in contact with other fluid particles, and consider the contact
force being generated between the particles. Consider a portion, A, of the surface at some point C. The
orientation of 6A is given by the unit vector, 7, shown in Fig. 2.6. The vector 7 is the outwardly drawn
unit normal with respect to the particle.

The force, 5F, acting on SA may be resolved into two components, one normal to and the other
tangent to the area. A normal stress o, and a shear stress 7, are then defined as
i OF,
= lim
54,—0 SA,

(2.11)

On

Fig. 2.6 The concept of stress in a continuum.
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5F O-X X

SF, Tig

e e x

b4
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Fig. 2.7 Force and stress components on the element of area 5A,.

and

oF,

= lim (2.12)
54,—0 6A,

Tn

Subscript n on the stress is included as a reminder that the stresses are associated with the surface 6 A
through C, having an outward normal in the 7 direction. The fluid is actually a continuum, so we could
have imagined breaking it up any number of different ways into fluid particles around point C, and there-
fore obtained any number of different stresses at point C.

In dealing with vector quantities such as force, we usually consider components in an orthogonal
coordinate system. In rectangular coordinates we might consider the stresses acting on planes whose
outwardly drawn normals (again with respect to the material acted upon) are in the x, y, or z directions.
InFig. 2.7 we consider the stress on the element 6A,, whose outwardly drawn normal is in the x direction.
The force, 0 F, has been resolved into components along each of the coordinate directions. Dividing the
magnitude of each force component by the area, 6A,, and taking the limit as 0A, approaches zero, we
define the three stress components shown in Fig. 2.7b:

. OFy
Oy = lim
5A,—0 OA,
(2.13)
. oF, . OF,
Ty= lim —= 7,= lim —
YT eA—0 8A,  CT 6A,—0 SA,

We have used a double subscript notation to label the stresses. The first subscript (in this case, x) indi-
cates the plane on which the stress acts (in this case, a surface perpendicular to the x axis). The second
subscript indicates the direction in which the stress acts.

Consideration of area element 6A, would lead to the definitions of the stresses, oy, 7y, and 7,;; use
of area element 6A; would similarly lead to the definitions of o, 7, 7).

Although we just looked at three orthogonal planes, an infinite number of planes can be passed
through point C, resulting in an infinite number of stresses associated with planes through that point.
Fortunately, the state of stress at a point can be described completely by specifying the stresses acting
on any three mutually perpendicular planes through the point. The stress at a point is specified by the
nine components

Oxx Txy Txz
Tyx ny Tyz

Tox Tzy Oz

where o has been used to denote a normal stress, and 7 to denote a shear stress. The notation for des-
ignating stress is shown in Fig. 2.8.

Referring to the infinitesimal element shown in Fig. 2.8, we see that there are six planes (two
x planes, two y planes, and two z planes) on which stresses may act. In order to designate the plane
of interest, we could use terms like front and back, top and bottom, or left and right. However, it is more
logical to name the planes in terms of the coordinate axes. The planes are named and denoted as positive
or negative according to the direction of the outwardly drawn normal to the plane. Thus the top plane, for
example, is a positive y plane and the back plane is a negative z plane.
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Fig. 2.8 Notation for stress.

It also is necessary to adopt a sign convention for stress. A stress component is positive when the
direction of the stress component and the plane on which it acts are both positive or both negative. Thus
7, =51bf/ in.? represents a shear stress on a positive y plane in the positive x direction or a shear stress
on a negative y plane in the negative x direction. In Fig. 2.8 all stresses have been drawn as positive
stresses. Stress components are negative when the direction of the stress component and the plane
on which it acts are of opposite sign.

2.4 Viscosity

Where do stresses come from? For a solid, stresses develop when the material is elastically deformed
or strained; for a fluid, shear stresses arise due to viscous flow (we will discuss a fluid’s normal stresses
shortly). Hence we say solids are elastic, and fluids are viscous (and it’s interesting to note that many
biological tissues are viscoelastic, meaning they combine features of a solid and a fluid). For a fluid at
rest, there will be no shear stresses. We will see that each fluid can be categorized by examining the
relation between the applied shear stresses and the flow (specifically the rate of deformation) of
the fluid.

Consider the behavior of a fluid element between the two infinite plates shown in Fig. 2.9a. The
rectangular fluid element is initially at rest at time #. Let us now suppose a constant rightward force
OF, is applied to the upper plate so that it is dragged across the fluid at constant velocity du. The relative
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Fig. 2.9 (a) Fluid element at time t, (b) deformation of fluid element at time t+ ét, and (c) deformation of fluid element
at time t + 26t.
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shearing action of the infinite plates produces a shear stress, 7,,, which acts on the fluid element and is
given by
6F, dF,
T, = lim =
Y004, dA,

where A, is the area of contact of the fluid element with the plate and 6F/, is the force exerted by the plate
on that element. Snapshots of the fluid element, shown in Figs. 2.9a—c, illustrate the deformation of the
fluid element from position MNOP at time 1, to M'NOP' at time ¢ + 251, to M"NOP" at time t + 25t, due to
the imposed shear stress. As mentioned in Section 1.1, it is the fact that a fluid continually deforms in
response to an applied shear stress that sets it apart from solids.
Focusing on the time interval 6t (Fig. 2.9b), the deformation of the fluid is given by
deformation rate = lim oa = da
5t—0 Ot dt
We want to express da/dt in terms of readily measurable quantities. This can be done easily. The
distance, 51, between the points M and M’ is given by

ol=duot
Alternatively, for small angles,
ol=9dyda
Equating these two expressions for 6/ gives
b _ou
ot Oy

Taking the limits of both sides of the equality, we obtain

da _ du
dr  dy

Thus, the fluid element of Fig. 2.9, when subjected to shear stress 7,,, experiences a rate of deformation
(shear rate) given by du/dy. We have established that any fluid that experiences a shear stress will flow
(it will have a shear rate). What is the relation between shear stress and shear rate? Fluids in which shear
stress is directly proportional to rate of deformation are Newtonian fluids. The term non-Newtonian is
used to classify all fluids in which shear stress is not directly proportional to shear rate.

Newtonian Fluid

Most common fluids (the ones discussed in this text) such as water, air, and gasoline are Newtonian
under normal conditions. If the fluid of Fig. 2.9 is Newtonian, then

du
Ty X d—y (2.14)

We are familiar with the fact that some fluids resist motion more than others. For example, a container of
SAE 30W oil is much harder to stir than one of water. Hence SAE 30W oil is much more viscous—it has
a higher viscosity. (Note that a container of mercury is also harder to stir, but for a different reason!) The
constant of proportionality in Eq. 2.14 is the absolute (or dynamic) viscosity, p. Thus in terms of the
coordinates of Fig. 2.9, Newton’s law of viscosity is given for one-dimensional flow by

du
Tyx=,ud—y (2.15)

Note that, since the dimensions of 7 are [F/L?] and the dimensions of du/dy are 1 /], u has dimensions
[Ft/Lz]. Since the dimensions of force, F, mass, M, length, L, and time, ¢, are related by Newton’s
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second law of motion, the dimensions of u can also be expressed as [M/Lt]. In the British Gravitational
system, the units of viscosity are Ibf -s /ft> or slug/(ft-s). In the Absolute Metric system, the basic unit of
viscosity is called a poise [1 poise =1 g/(cm-s)]; in the SI system the units of viscosity are kg/(m-s)

or Pa:s (1 Pa-s=1N-s/m?). The calculation of viscous shear stress is illustrated in Example 2.2.

In fluid mechanics the ratio of absolute viscosity, 4, to density, p, often arises. This ratio is given the
name kinematic viscosity and is represented by the symbol v. Since density has dimensions [M/L%],
the dimensions of v are [L?/f]. In the Absolute Metric system of units, the unit for v is a

stoke (1 stoke =1 cm?/s).

Viscosity data for a number of common Newtonian fluids are given in Appendix A. Note that for
gases, viscosity increases with temperature, whereas for liquids, viscosity decreases with increasing

temperature.

Example 2.2 VISCOSITY AND SHEAR STRESS IN NEWTONIAN FLUID

An infinite plate is moved over a second plate on a layer of liquid as shown. For small gap width, d, we assume a linear velocity

distribution in the liquid. The liquid viscosity is 0.65 centipoise and its specific

gravity is 0.88. Determine: Yy
(a) The absolute viscosity of the liquid, in Ibf -s/ft.

—>U=0.3m/s

(b) The kinematic viscosity of the liquid, in m?/s.

(c) The shear stress on the upper plate, in Ibf/ft>. N d=0.3mm
(d) The shear stress on the lower plate, in Pa. i .
(e) The direction of each shear stress calculated in parts (c) and (d).
Given: Linear velocity profile in the liquid between infinite parallel plates as shown.
u=0.65cp
SG=0.88

Find: (a) u in units of Ibf- s/ft>.

(b) v in units of m?/s.

(c) 7 on upper plate in units of Ibf /ft.

(d) = on lower plate in units of Pa.

(e) Direction of stresses in parts (c) and (d).
Solution:

. . du . u y
Governing equation: t,,=u— Definition: v = —

_ dy P —> U =0.3 mis

Assumptions:
| Linear velocity distribution (given) L, d=0.3mm
2 Steady flow i x

3 u=constant

poise g Ibm slug cm  Ibf-s2
=0.65cp X X X X x30.5— x
(@ u P> 700 cp  cm-s-poise  454g” 32.21bm fi ~ Slug - ft
p=136x1077Ibf - s/ft* P
P SGpuo

Ibf - s ft> slug - ft ,m?

=1.36x107° 0.305)* —

* fi x (0.88)1.94 slug x 1bf - s2 x( ) P

v=7.41%x10""m?/s v
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(©) . - _ ﬂdu>
upper — ¢yx,upper — M7,
dy y=d

Since u varies linearly with y,

=032 x x 10002 = 10005~
s  0.3mm m
U Ibf - 1000 :
Tupper =/4§ =136x107° ft2 : X T =0.0136 lbf/ft2 e
U Ibf N fi? Pa- m?
d) Tiower = = =0.0136—3 X 4.45— X X
(d) Tiower =H d 2 Ibf (0.305)21112 N
0651 Pa Tlower

Part (c) shows that the shear stress is:
- Constant across the gap for a linear

(e) Directions of shear stresses on upper and lower plates.

velocity profile.

« Directly proportional to the speed of the
upper plate (because of the linearity of
Newtonian fluids).

Typper The lower plate is a positive y surface; so - Inversely proportional to the gap

positive 7, acts in the positive x direction. between the plates.

7 Note that multiplying the shear stress by

LS (e) the plate area in such problems computes

X P P P

The upper plate is a negative y surface; so
Y positive 7, acts in the negative x direction.

—

the force required to maintain the motion.

Non-Newtonian Fluids

Fluids in which shear stress is not directly proportional to deformation rate are non-Newtonian. Although
we will not discuss these much in this text, many common fluids exhibit non-Newtonian behavior. Two
familiar examples are toothpaste and Lucite® paint. The latter is very “thick” when in the can, but
becomes “thin” when sheared by brushing. Toothpaste behaves as a “fluid” when squeezed from the
tube. However, it does not run out by itself when the cap is removed. There is a threshold or yield stress
below which toothpaste behaves as a solid. Strictly speaking, our definition of a fluid is valid only for
materials that have zero yield stress. Non-Newtonian fluids commonly are classified as having time-
independent or time-dependent behavior. Examples of time-independent behavior are shown in the
rheological diagram of Fig. 2.10.

Numerous empirical equations have been proposed [3, 4] to model the observed relations between
7y, and du/dy for time-independent fluids. They may be adequately represented for many engineering
applications by the power law model, which for one-dimensional flow becomes

Tyx:k(%) (2.16)

where the exponent, n, is called the flow behavior index and the coefficient, k, the consistency index.
This equation reduces to Newton’s law of viscosity for n=1 with k=p.

5 Trademark, E. I. du Pont de Nemours & Company.
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Fig. 2.10 (a) Shear stress, 7, and (b) apparent viscosity, 7, as a function of deformation rate for one-dimensional flow of
various non-Newtonian fluids.

To ensure that 7y, has the same sign as du/dy, Eq. 2.16 is rewritten in the form

n—1
du du
—=p— 2.17
o= "Tay (2.17)

du
dy

T

The term 5 = k|du/dy|" ™" is referred to as the apparent viscosity. The idea behind Eq. 2.17 is that we end
up with a viscosity # that is used in a formula that is the same form as Eq. 2.15, in which the Newtonian
viscosity u is used. The big difference is that while y is constant (except for temperature effects),
n depends on the shear rate. Most non-Newtonian fluids have apparent viscosities that are relatively high
compared with the viscosity of water.

Fluids in which the apparent viscosity decreases with increasing deformation rate (n < 1) are called
pseudoplastic (or shear thinning) fluids. Most non-Newtonian fluids fall into this group; examples
include polymer solutions, colloidal suspensions, and paper pulp in water. If the apparent viscosity
increases with increasing deformation rate (n > 1) the fluid is termed dilatant (or shear thickening). Sus-
pensions of starch and of sand are examples of dilatant fluids. You can get an idea of the latter when
you’re on the beach—if you walk slowly (and hence generate a low shear rate) on very wet sand,
you sink into it, but if you jog on it (generating a high shear rate), it’s very firm.

A “fluid” that behaves as a solid until a minimum yield stress, 7, is exceeded and subsequently
exhibits a linear relation between stress and rate of deformation is referred to as an ideal or Bingham
plastic. The corresponding shear stress model is

du
Tyx=7y+/4pd—y (2.18)

Clay suspensions, drilling muds, and toothpaste are examples of substances exhibiting this behavior.

The study of non-Newtonian fluids is further complicated by the fact that the apparent viscosity may
be time-dependent. Thixotropic fluids show a decrease in # with time under a constant applied shear
stress; many paints are thixotropic. Rheopectic fluids show an increase in # with time. After deformation
some fluids partially return to their original shape when the applied stress is released; such fluids are
called viscoelastic (many biological fluids work this way).

2.5 Surface Tension

You can tell when your car needs waxing: Water droplets tend to appear somewhat flattened out. After
waxing, you get a nice “beading” effect. These two cases are shown in Fig. 2.11. We define a liquid as
“wetting” a surface when the contact angle <90 . By this definition, the car’s surface was wetted
before waxing, and not wetted after. This is an example of effects due to surface tension. Whenever
a liquid is in contact with other liquids or gases, or in this case a gas/solid surface, an interface develops
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(a) A “wetted” surface (b) A nonwetted surface

Fig. 2.11 Surface tension effects on water droplets.

that acts like a stretched elastic membrane, creating surface tension. There are two features to this mem-
brane: the contact angle, 6, and the magnitude of the surface tension, ¢ (N/m or Ibf/ft). Both of these
depend on the type of liquid and the type of solid surface (or other liquid or gas) with which it shares an
interface. In the car-waxing example, the contact angle changed from being smaller than 90°, to larger
than 90°, because, in effect, the waxing changed the nature of the solid surface. Factors that affect the
contact angle include the cleanliness of the surface and the purity of the liquid.

Other examples of surface tension effects arise when you are able to place a needle on a water
surface and, similarly, when small water insects are able to walk on the surface of the water.

Appendix A contains data for surface tension and contact angle for common liquids in the presence
of air and of water.

A force balance on a segment of interface shows that there is a pressure jump across the imagined
elastic membrane whenever the interface is curved. For a water droplet in air, pressure in the water is
higher than ambient; the same is true for a gas bubble in liquid. For a soap bubble in air, surface tension
acts on both inside and outside interfaces between the soap film and air along the curved bubble surface.
Surface tension also leads to the phenomena of capillary (i.e., very small wavelength) waves on a liquid
surface [5], and capillary rise or depression, discussed below in Example 2.3.

In engineering, probably the most important effect of surface tension is the creation of a curved
meniscus that appears in manometers or barometers, leading to a (usually unwanted) capillary rise
(or depression), as shown in Fig. 2.12. This rise may be pronounced if the liquid is in a small-diameter
tube or narrow gap, as shown in Example 2.3

Folsom [6] shows that the simple analysis of Example 2.3 overpredicts the capillary effect and
gives reasonable results only for tube diameters less than 0.1 in. (2.54 mm). Over a diameter range
0.1 <D< 1.11n., experimental data for the capillary rise with a water-air interface are correlated by
the empirical expression Ak =0.400/e*37P.

Manometer and barometer readings should be made at the level of the middle of the meniscus. This
is away from the maximum effects of surface tension and thus nearest to the proper liquid level.

All surface tension data in Appendix A were measured for pure liquids in contact with clean vertical
surfaces. Impurities in the liquid, dirt on the surface, or surface inclination can cause an indistinct menis-
cus; under such conditions it may be difficult to determine liquid level accurately. Liquid level is
most distinct in a vertical tube. When inclined tubes are used to increase manometer sensitivity (see
Section 3.3) it is important to make each reading at the same point on the meniscus and to avoid use
of tubes inclined less than about 15° from horizontal.

/Tube /Tube

/L

Ah

e
L

i<t

\
—
ﬂd

(a) Capillary rise (8 < 90°) (b) Capillary depression (9 > 90°)

Fig. 2.12 Capillary rise and capillary depression inside and outside a circular tube.
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Example 2.3 ANALYSIS OF CAPILLARY EFFECT IN A TUBE

Create a graph showing the capillary rise or fall of a column of water or mercury, respectively, as a function of tube diameter D.
Find the minimum diameter of each column required so that the height magnitude will be less than 1 mm.

Given: Tube dipped in liquid as in Fig. 2.12

Find: A general expression for Ak as a function of D. ,

Solution: Apply free-body diagram analysis, and sum vertical forces.

Governing equation: Z

L

=

> F.=0

Assumptions: Ny

1 Measure to middle of meniscus

2 Neglect volume in meniscus region

Summing forces in the z direction:

ZFz=aﬂDcos9—pgA’v‘=0 (1)

If we neglect the volume in the meniscus region:

D2
A¥ ”TAh

Substituting in Eq. 1 and solving for Ah gives

_ 40 cos O Ah
pgbh

Ah

For water, 6 =72.8 mN/m and 6~0°, and for mercury, 6 =484 mN/m and 6 = 140° (Table A.4). Plotting,

Capillary effect in small tubes
30
25—
. Water
€ L —_—
£ 20 Mercury
3 15f
@ 10+
(O]
=
> 5
s Notes:
a o0 S —— e pp——— o= === - This problem reviewed use of the free-
© 50_ 7T 10 15 20 25 body diagram approach.
- /) - It turns out that neglecting the volume in
-104 - the meniscus region is only valid when Ah
Diameter, D (mm) is large compared with D. However, in this
problem we have the result that Ah is
) . } about 1 mm when D is 11.2 mm (or
Using the above equation to compute Dy, for A~ =1 mm, we find for 30 mm); hence the results can only be
mercury and water very approximate.
Dy, =11.2mm and Dy, =30 mm B The graph and results were gener-

ated from the Excel workbook.
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Surfactant compounds reduce surface tension significantly (more than 40 percent with little change
in other properties [7]) when added to water. They have wide commercial application: Most detergents
contain surfactants to help water penetrate and lift soil from surfaces. Surfactants also have major indus-
trial applications in catalysis, aerosols, and oil field recovery.

2.6 Description and Classification of Fluid Motions

In Chapter 1 and in this chapter, we have almost completed our brief introduction to some concepts and
ideas that are often needed when studying fluid mechanics. Before beginning detailed analysis of fluid
mechanics in the rest of this text, we will describe some interesting examples to illustrate a broad clas-
sification of fluid mechanics on the basis of important flow characteristics. Fluid mechanics is a huge
discipline: It covers everything from the aerodynamics of a supersonic transport vehicle to the lubrica-
tion of human joints by sinovial fluid. We need to break fluid mechanics down into manageable propor-
tions. It turns out that the two most difficult aspects of a fluid mechanics analysis to deal with are: (1) the
fluid’s viscous nature and (2) its compressibility. In fact, the area of fluid mechanics theory that first
became highly developed (about 250 years ago!) was that dealing with a frictionless, incompressible
fluid. As we will see shortly (and in more detail later on), this theory, while extremely elegant, led
to the famous result called d’Alembert’s paradox: All bodies experience no drag as they move through
such a fluid—a result not exactly consistent with any real behavior!

Although not the only way to do so, most engineers subdivide fluid mechanics in terms of whether
or not viscous effects and compressibility effects are present, as shown in Fig. 2.13. Also shown are
classifications in terms of whether a flow is laminar or turbulent, and internal or external. We will
now discuss each of these.

Viscous and Inviscid Flows

When you send a ball flying through the air (as in a game of baseball, soccer, or any number of other
sports), in addition to gravity the ball experiences the aerodynamic drag of the air. The question arises:
What is the nature of the drag force of the air on the ball? At first glance, we might conclude that it’s due
to friction of the air as it flows over the ball; a little more reflection might lead to the conclusion that
because air has such a low viscosity, friction might not contribute much to the drag, and the drag might
be due to the pressure build-up in front of the ball as it pushes the air out of the way. The question arises:
Can we predict ahead of time the relative importance of the viscous force, and force due to the pressure
build-up in front of the ball? Can we make similar predictions for any object, for example, an automobile,
a submarine, a red blood cell, moving through any fluid, for example, air, water, blood plasma? The
answer (which we’ll discuss in much more detail in Chapter 7) is that we can! It turns out that we

Continuum
fluid mechanics

Inviscid
H=0

Viscous

Laminar Turbulent

Compressible Incompressible Internal External

Fig. 2.13 Possible classification of continuum fluid mechanics.
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can estimate whether or not viscous forces, as opposed to pressure forces, are negligible by simply com-
puting the Reynolds number

VL
Re=p—
u

where p and p are the fluid density and viscosity, respectively, and V and L are the typical or “charac-
teristic” velocity and size scale of the flow (in this example the ball velocity and diameter), respectively.
If the Reynolds number is “large,” viscous effects will be negligible (but will still have important con-
sequences, as we’ll soon see), at least in most of the flow; if the Reynolds number is small, viscous
effects will be dominant. Finally, if the Reynolds number is neither large nor small, no general conclu-
sions can be drawn.

To illustrate this very powerful idea, consider two simple examples. First, the drag on your ball:
Suppose you kick a soccer ball (diameter = 8.75 in.) so it moves at 60 mph. The Reynolds number (using
air properties from Table A.10) for this case is about 400,000—by any measure a large number; hence
the drag on the soccer ball is almost entirely due to the pressure build-up in front of it. For our second
example, consider a dust particle (modeled as a sphere of diameter 1 mm) falling under gravity at a ter-
minal velocity of 1 cm/s: In this case Re ~0.7—a quite small number; hence the drag is mostly due to the
friction of the air. Of course, in both of these examples, if we wish to determine the drag force, we would
have to do substantially more analysis.

These examples illustrate an important point: A flow is considered to be friction dominated (or not)
based not just on the fluid’s viscosity, but on the complete flow system. In these examples, the airflow
was low friction for the soccer ball, but was high friction for the dust particle.

Let’s return for a moment to the idealized notion of frictionless flow, called inviscid flow. This is the
branch shown on the left in Fig. 2.13. This branch encompasses most aerodynamics, and among other
things explains, for example, why sub- and supersonic aircraft have differing shapes, how a wing gen-
erates lift, and so forth. If this theory is applied to the ball flying through the air (a flow that is also incom-
pressible), it predicts streamlines (in coordinates attached to the sphere) as shown in Fig. 2.14a.

The streamlines are symmetric front-to-back. Because the mass flow between any two streamlines is
constant, wherever streamlines open up, the velocity must decrease, and vice versa. Hence we can see
that the velocity in the vicinity of points A and C must be relatively low; at point B it will be high. In fact,
the air comes to rest at points A and C: They are stagnation points. It turns out that (as we’ll learn in
Chapter 6) the pressure in this flow is high wherever the velocity is low, and vice versa. Hence, points
A and C have relatively large (and equal) pressures; point B will be a point of low pressure. In fact, the
pressure distribution on the sphere is symmetric front-to-back, and there is no net drag force due to pres-
sure. Because we’re assuming inviscid flow, there can be no drag due to friction either. Hence we have
d’Alembert’s paradox of 1752: The ball experiences no drag!

This is obviously unrealistic. On the other hand, everything seems logically consistent: We estab-
lished that Re for the sphere was very large (400,000), indicating friction is negligible. We then used
inviscid flow theory to obtain our no-drag result. How can we reconcile this theory with reality? It took
about 150 years after the paradox first appeared for the answer, obtained by Prandtl in 1904: The no-slip
condition (Section 1.1) requires that the velocity everywhere on the surface of the sphere be zero (in
sphere coordinates), but inviscid theory states that it’s high at point B. Prandtl suggested that even though
friction is negligible in general for high-Reynolds number flows, there will always be a thin boundary

(a) Inviscid flow (b) Viscous flow

Fig. 2.14 Qualitative picture of incompressible flow over a sphere.
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Fig. 2.15 Schematic of a boundary layer.

layer, in which friction is significant and across the width of which the velocity increases rapidly from
zero (at the surface) to the value inviscid flow theory predicts (on the outer edge of the boundary layer).
This is shown in Fig. 2.14b from point A to point B, and in more detail in Fig. 2.15.

This boundary layer immediately allows us to reconcile theory and experiment: Once we have friction
in a boundary layer we will have drag. However, this boundary layer has another important consequence: It
often leads to bodies having a wake, as shown in Fig. 2.14b from point D onwards. Point D is a separation
point, where fluid particles are pushed off the object and cause a wake to develop. Consider once again
the original inviscid flow (Fig. 2.14a): As a particle moves along the surface from point B to C, it moves
from low to high pressure. This adverse pressure gradient (a pressure change opposing fluid motion)
causes the particles to slow down as they move along the rear of the sphere. If we now add to this the fact
that the particles are moving in a boundary layer with friction that also slows down the fluid, the particles
will eventually be brought to rest and then pushed off the sphere by the following particles, forming the
wake. This is generally very bad news: It turns out that the wake will always be relatively low pressure,
but the front of the sphere will still have relatively high pressure. Hence, the sphere will now have a quite
large pressure drag (or form drag—so called because it’s due to the shape of the object).

This description reconciles the inviscid flow no-drag result with the experimental result of signif-
icant drag on a sphere. It’s interesting to note that although the boundary layer is necessary to explain the
drag on the sphere, the drag is actually due mostly to the asymmetric pressure distribution created by the
boundary layer separation—drag directly due to friction is still negligible!

We can also now begin to see how streamlining of a body works. The drag force in most aerodynam-
ics is due to the low-pressure wake: If we can reduce or eliminate the wake, drag will be greatly reduced.
If we consider once again why the separation occurred, we recall two features: Boundary layer friction
slowed down the particles, but so did the adverse pressure gradient. The pressure increased very rapidly
across the back half of the sphere in Fig. 2.14a because the streamlines opened up so rapidly. If we make
the sphere teardrop shaped, as in Fig. 2.16, the streamlines open up gradually, and hence the pressure will
increase slowly, to such an extent that fluid particles are not forced to separate from the object until they
almost reach the end of the object, as shown. The wake is much smaller (and it turns out the pressure will
not be as low as before), leading to much less pressure drag. The only negative aspect of this streamlining
is that the total surface area on which friction occurs is larger, so drag due to friction will increase a little.

We should point out that none of this discussion applies to the example of a falling dust particle:
This low-Reynolds number flow was viscous throughout—there is no inviscid region.

Finally, this discussion illustrates the very significant difference between inviscid flow (¢ =0) and
flows in which viscosity is negligible but not zero (x — 0).

Laminar and Turbulent Flows

If you turn on a faucet (that doesn’t have an aerator or other attachment) at a very low flow rate the water
will flow out very smoothly—almost “glass-like.” If you increase the flow rate, the water will exit in a

Boundary layer

Wake

______

Point of
separation

Fig. 2.16 Flow over a streamlined object.
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Fig. 2.17 Particle pathlines in one-dimensional laminar and turbulent flows.

churned-up, chaotic manner. These are examples of how a viscous flow can be laminar or turbulent,
respectively. A laminar flow is one in which the fluid particles move in smooth layers, or laminas; a
turbulent flow is one in which the fluid particles rapidly mix as they move along due to random
three-dimensional velocity fluctuations. Typical examples of pathlines of each of these are illustrated
in Fig. 2.17, which shows a one-dimensional flow. In most fluid mechanics problems—for example,
flow of water in a pipe—turbulence is an unwanted but often unavoidable phenomenon, because it gen-
erates more resistance to flow; in other problems—for example, the flow of blood through blood
vessels—it is desirable because the random mixing allows all of the blood cells to contact the walls
of the blood vessels to exchange oxygen and other nutrients.

The velocity of the laminar flow is simply u; the velocity of the turbulent flow is given by the mean
velocity u plus the three components of randomly fluctuating velocity «’, v', and w'.

Although many turbulent flows of interest are steady in the mean (z is not a function of time), the
presence of the random, high-frequency velocity fluctuations makes the analysis of turbulent flows
extremely difficult. In a one-dimensional laminar flow, the shear stress is related to the velocity gradient
by the simple relation

du
S (2.15)

For a turbulent flow in which the mean velocity field is one-dimensional, no such simple relation is valid.
Random, three-dimensional velocity fluctuations (#/, v’, and w') transport momentum across the mean
flow streamlines, increasing the effective shear stress. (This apparent stress is discussed in more detail in
Chapter 8.) Consequently, in turbulent flow there is no universal relationship between the stress field and
the mean-velocity field. Thus in turbulent flows we must rely heavily on semi-empirical theories and on
experimental data.

Compressible and Incompressible Flows

Flows in which variations in density are negligible are termed incompressible; when density variations
within a flow are not negligible, the flow is called compressible. The most common example of com-
pressible flow concerns the flow of gases, while the flow of liquids may frequently be treated as
incompressible.

For many liquids, density is only a weak function of temperature. At modest pressures, liquids may
be considered incompressible. However, at high pressures, compressibility effects in liquids can be
important. Pressure and density changes in liquids are related by the bulk compressibility modulus,
or modulus of elasticity,

dp
(dp/p)

If the bulk modulus is independent of temperature, then density is only a function of pressure (the fluid is
barotropic). Bulk modulus data for some common liquids are given in Appendix A.

Water hammer and cavitation are examples of the importance of compressibility effects in liquid
flows. Water hammer is caused by acoustic waves propagating and reflecting in a confined liquid,
for example, when a valve is closed abruptly. The resulting noise can be similar to “hammering” on
the pipes, hence the term.

Cavitation occurs when vapor pockets form in a liquid flow because of local reductions in pressure
(for example at the tip of a boat’s propeller blades). Depending on the number and distribution of par-
ticles in the liquid to which very small pockets of undissolved gas or air may attach, the local pressure at

(2.19)

=
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the onset of cavitation may be at or below the vapor pressure of the liquid. These particles act as nucle-
ation sites to initiate vaporization.

Vapor pressure of aliquid is the partial pressure of the vapor in contact with the saturated liquid at a
given temperature. When pressure in a liquid is reduced to less than the vapor pressure, the liquid may
change phase suddenly and “flash” to vapor.

The vapor pockets in a liquid flow may alter the geometry of the flow field substantially. When
adjacent to a surface, the growth and collapse of vapor bubbles can cause serious damage by eroding
the surface material.

Very pure liquids can sustain large negative pressures—as much as —60 atmospheres for distilled
water—before the liquid “ruptures” and vaporization occurs. Undissolved air is invariably present near
the free surface of water or seawater, so cavitation occurs where the local total pressure is quite close to
the vapor pressure.

It turns out that gas flows with negligible heat transfer also may be considered incompressible pro-
vided that the flow speeds are small relative to the speed of sound; the ratio of the flow speed, V, to the
local speed of sound, c, in the gas is defined as the Mach number,

1%
M=—
c
For M < 0.3, the maximum density variation is less than 5 percent. Thus gas flows with M < 0.3 can be
treated as incompressible; a value of M =0.3 in air at standard conditions corresponds to a speed of
approximately 100 m/s. For example, although it might be a little counterintuitive, when you drive your
car at 65 mph the air flowing around it has negligible change in density. As we shall see in Chapter 12,
the speed of sound in an ideal gas is given by ¢ = vkRT, where k is the ratio of specific heats, R is the
gas constant, and T is the absolute temperature. For air at STP, k=1.40 and R=286.9J/kg-K
(53.33 ft-1bf /Ibm-°R). Values of k and R are supplied in Appendix A for several selected common
gases at STP. In addition, Appendix A contains some useful data on atmospheric properties, such as
temperature, at various elevations.

Compressible flows occur frequently in engineering applications. Common examples include com-
pressed air systems used to power shop tools and dental drills, transmission of gases in pipelines at high
pressure, and pneumatic or fluidic control and sensing systems. Compressibility effects are very impor-
tant in the design of modern high-speed aircraft and missiles, power plants, fans, and compressors.

Internal and External Flows

Flows completely bounded by solid surfaces are called internal or duct flows. Flows over bodies
immersed in an unbounded fluid are termed external flows. Both internal and external flows may be
laminar or turbulent, compressible or incompressible.

We mentioned an example of internal flow when we discussed the flow out of a faucet—the flow in
the pipe leading to the faucet is an internal flow. It turns out that we have a Reynolds number for pipe
flows defined as Re =pV D/u, where V is the average flow velocity and D is the pipe diameter (note that
we do not use the pipe length!). This Reynolds number indicates whether a pipe flow will be laminar or
turbulent. Flow will generally be laminar for Re <2300 and turbulent for larger values: Flow in a pipe of
constant diameter will be entirely laminar or entirely turbulent, depending on the value of the velocity V.
We will explore internal flows in detail in Chapter 8.

We already saw some examples of external flows when we discussed the flow over a sphere
(Fig. 2.14b) and a streamlined object (Fig. 2.16). What we didn’t mention was that these flows could
be laminar or turbulent. In addition, we mentioned boundary layers (Fig. 2.15): It turns out these also
can be laminar or turbulent. When we discuss these in detail (Chapter 9), we’ll start with the simplest
kind of boundary layer—that over a flat plate—and learn that just as we have a Reynolds number for the
overall external flow that indicates the relative significance of viscous forces, there will also be a bound-
ary-layer Reynolds number Re, = pU  x/u where in this case the characteristic velocity Uy, is the veloc-
ity immediately outside the boundary layer and the characteristic length x is the distance along the plate.
Hence, at the leading edge of the plate Re,=0, and at the end of a plate of length L, it will be
Re,=pU L/u. The significance of this Reynolds number is that (as we’ll learn) the boundary layer
will be laminar for Re, <5 x 10° and turbulent for larger values: A boundary layer will start out laminar,
and if the plate is long enough the boundary layer will transition to become turbulent.
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It is clear by now that computing a Reynolds number is often very informative for both internal and
external flows. We will discuss this and other important dimensionless groups (such as the Mach num-
ber) in Chapter 7.

The internal flow through fluid machines is considered in Chapter 10. The principle of angular
momentum is applied to develop fundamental equations for fluid machines. Pumps, fans, blowers, com-
pressors, and propellers that add energy to fluid streams are considered, as are turbines and windmills
that extract energy. The chapter features detailed discussion of operation of fluid systems.

The internal flow of liquids in which the duct does not flow full—where there is a free surface sub-
ject to a constant pressure—is termed open-channel flow. Common examples of open-channel flow
include flow in rivers, irrigation ditches, and aqueducts. Open-channel flow will be treated in Chapter 11.

Both internal and external flows can be compressible or incompressible. Compressible flows can be
divided into subsonic and supersonic regimes. We will study compressible flows in Chapters 12 and 13
and see among other things that supersonic flows (M > 1) will behave very differently than subsonic
Sflows (M < 1). For example, supersonic flows can experience oblique and normal shocks, and can also
behave in a counterintuitive way—e.g., a supersonic nozzle (a device to accelerate a flow) must be diver-
gent (i.e., it has increasing cross-sectional area) in the direction of flow! We note here also that in a
subsonic nozzle (which has a convergent cross-sectional area), the pressure of the flow at the exit plane
will always be the ambient pressure; for a sonic flow, the exit pressure can be higher than ambient; and
for a supersonic flow the exit pressure can be greater than, equal to, or less than the ambient pressure!

2.7 Summary and Useful Equations

In this chapter we have completed our review of some of the fundamental concepts we will utilize
in our study of fluid mechanics. Some of these are:

v/ How to describe flows (timelines, pathlines, streamlines, streaklines).

v/ Forces (surface, body) and stresses (shear, normal).

v/ Types of fluids (Newtonian, non-Newtonian—dilatant, pseudoplastic, thixotropic, rheopectic,
Bingham plastic) and viscosity (kinematic, dynamic, apparent).

v Types of flow (viscous/inviscid, laminar/turbulent, compressible/incompressible, internal/
external).

We also briefly discussed some interesting phenomena, such as surface tension, boundary layers,
wakes, and streamlining. Finally, we introduced two very useful dimensionless groups—the Rey-
nolds number and the Mach number.

Note: Most of the equations in the table below have a number of constraints or limitations—be sure to
refer to their page numbers for details!

Useful Equations

Definition of sG=_" (2.3) |Page19
specific gravity: PH,0

- mg
Deflpltlon Qf =28 Ly =pg (24) |Pagel9
specific weight: A4
Definition of dy _o(xy) (2.8) |Page24
streamlines (2D): dx ) reamiine H(6Y)
Definition of dx _ dy _ (2.9) |Page?25
pathlines (2D): dt) e ulx,y1) —- i v(x,y.1)
Definition of Xstreakline (IO) = X(f,xo,yo, [0) ystreakline(t()) = )’(f,xos)’m t()) (2 10) Page 25
streaklines (2D):
Newton’s law of _ du (2.15) | Page28
viscosity (1D flow): T =4 dy
Shear stress for a . dul™ Ydu  du (2.17) | Page 31
non-Newtonian Tyx = dy dy n dy

fluid (1D flow):
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Velocity Field

2.1 For the velocity fields given below, determine:

(a) whether the flow field is one-, two-, or three-dimensional,
and why.

(b) whether the flow is steady or unsteady, and why.

(The quantities a and b are constants.)

1V =[(ax+1)e?)i

2 V =(ax—by)i

3 V =axi+[e™]]
4V =axi+ bx%j + axk
5V =axi+[e"]]

6 V =axi+bx%j +ayk
7 V =axi+[e"]j +ayk

8 V =axi+[e?]) +azk

2.2 For the velocity fields given below, determine:

(a) whether the flow field is one-, two-, or three-dimensional,
and why.

(b) whether the flow is steady or unsteady, and why.

(The quantities a and b are constants.)

1V =[ay?e )i

2V =ax?i + bxj + ck

3V =axyi—bytj

4V =axi—byj+ctk

5 V =[ae i+ b%

6 V=al®+y)"*(1/3)k
7V = (ax+1)i—by?j

8 V =ax?i+ bxzj + cyk

2.3 A viscous liquid is sheared between two parallel disks; the upper
disk rotates and the lower one is fixed. The velocity field between the
disks is given by V = éprwz/h. (The origin of coordinates is located
at the center of the lower disk; the upper disk is located at z = h.) What

5. Loh, W. H. T., “ Theory of the Hydraulic Analogy for Steady
and Unsteady Gas Dynamics,” in Modern Developments in Gas
Dynamics, W. H. T. Loh, ed. New York: Plenum, 1969.

6. Folsom, R. G., “ Manometer Errors Due to Capillarity, Instru-
ments, 9, 1, 1937, pp. 36-37.

7. Waugh, J. G., and G. W. Stubstad, Hydroballistics Modeling.
San Diego: Naval Undersea Center, ca. 1972.

are the dimensions of this velocity field? Does this velocity field
satisfy appropriate physical boundary conditions? What are they?

2.4 For the velocity field 1% =Ax2yi + Bxy?j, where A=2m~2s~! []

and B=1m~2s~!, and the coordinates are measured in meters,
obtain an equation for the flow streamlines. Plot several streamlines
in the first quadrant.

2.5 A fluid flow has the following velocity components: u=1m/s
and v =2xm/s. Find an equation for and sketch the streamlines of
this flow.

2.6 When an incompressible, nonviscous fluid flows against a
plate in a plane (two-dimensional) flow, an exact solution for the
equations of motion for this flow is u=Ax,v = —Ay,with A >0 for
the sketch shown. The coordinate origin is located at the stagnation
point 0, where the flow divides and the local velocity is zero. Plot the
streamlines in the flow.

0
P2.6

2.7 For the free vortex flow the velocities are v, =5/r and v, =0.
Assume that lengths are in feet or meters and times are in seconds.
Plot the streamlines of this flow. How does the velocity vary with
distance from the origin? What is the velocity at the origin (0,0)?

2.8 For the forced vortex flow the velocities are v, = wr and v, =0.
Plot the streamlines of this flow. How does the velocity vary with
distance from the origin? What is the velocity at the origin (0,0)?

2.9 A velocity field is specified as 1% =axyi+ by*j, where a= []

2m~!s™!, b=—6m~'s!, and the coordinates are measured in
meters. Is the flow field one-, two-, or three-dimensional? Why?
Calculate the velocity components at the point (2, 1/ 2). Develop an
equation for the streamline passing through this point. Plot several
streamlines in the first quadrant including the one that passes through
the point (2, /).



2.10 A velocity field is given by V =adi+ bxy’j, where
a=1m2s"! and b=1m~3s~!. Find the equation of the stream-
lines. Plot several streamlines in the first quadrant.

2.11 The velocity for a steady, incompressible flow in the xy plane is
given by V =iA /x+jAy/x*, where A=2m?/s, and the coordinates
are measured in meters. Obtain an equation for the streamline that
passes through the point (x,y) =(1,3). Calculate the time required
for a fluid particle to move from x=1m to x =2 m in this flow field.

2.12 The flow field for an atmospheric flow is given by

- Ky A Kx A
V=it 212y
2r(x*+y?)  2m(x2+y?)
where K = 10° m?/s, and the x and y coordinates are parallel to the

local latitude and longitude. Plot the velocity magnitude along the
x axis, along the y axis, and along the line y = x, and discuss the veloc-
ity direction with respect to these three axes. For each plot use a range
xory=—1kmto 1km, excluding |x| or |y| < 100 m. Find the equa-
tion for the streamlines and sketch several of them. What does this
flow field model?

2.13 For the velocity field V =Axi —Ayf', where A=2s~!, which
can be interpreted to represent flow in a corner, show that the para-
metric equations for particle motion are given by x,=c; e’ and
yp=c2 e~ Obtain the equation for the pathline of the particle
located at the point (x,y) =(2,2) at the instant =0. Compare this
pathline with the streamline through the same point.

2.14 A velocity field in polar coordinates is given with the radial
velocity as V, = —A/r and the tangential velocity as Vy =A/r, where
r is in meters and A =10 m?. Plot the streamlines passing through
the location € =0 for » =1 m, 2 m, and 3 m. What does the flow field
model?

2.15 The flow of air near the Earth’s surface is affected both by the
wind and thermal currents. In certain circumstances the velocity field
can be represented by V =ai+b(1—1)j for y </ and by V =ai for
y> h. Plot the streamlines for the flow for b/a=0.01, 0.1, and 1.
2.16 A velocity field is given by V= ayti—bxj, where a=1s"2 and
b=4s""'. Find the equation of the streamlines at any time ¢. Plot
several streamlines at 1=0s, r=1s, and r=20s.

2.17 Air flows downward toward an infinitely wide horizontal flat
plate. The velocity field is given by V = (axi—ayj)(2 +cos 1),
where a=5s"!, w=2xs"", x and y (measured in meters) are hori-
zontal and vertically upward, respectively, and ¢ is in s. Obtain an
algebraic equation for a streamline at # =0. Plot the streamline that
passes through point (x,y) = (3,3) at this instant. Will the streamline
change with time? Explain briefly. Show the velocity vector on your
plot at the same point and time. Is the velocity vector tangent to the
streamline? Explain.

2.18 Consider the flow described by the velocity field V=
Bx(1 +At)i+ Cyj, with A=0.5s"" and B=C=1s"". Coordinates
are measured in meters. Plot the pathline traced out by the particle that
passes through the point (1, 1) at time # = 0. Compare with the stream-
lines plotted through the same point at the instants =0, 1, and 2 s.

[J219 Con51der the velocity field V =axi+by(1+ct)j, where

a=b=2s"" and c=0.4s"". Coordinates are measured in meters.
For the particle that passes through the point (x,y)=(1,1) at the
instant =0, plot the pathline during the interval from =0 to
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1.5 s. Compare this pathline with the streamlines plotted through
the same point at the instants =0, 1, and 1.5 s.

2.20 Consider the flow field given in Eulerian descrlptlon by the E]

expression V= axi+ bytj, where a=0.25"", b=0.045"2, and the
coordinates are measured in meters. Derive the Lagranglan position
functions for the fluid particle that was located at the point
(x,y)=(1,1) at the instant 7=0. Obtain an algebraic expression
for the pathline followed by this particle. Plot the pathline and com-
pare with the streamlines plotted through the same point at the
instants =0, 10, and 20 s.

2.21 A velocity field is given by 1% =axti—byj, where A=0.152 =

and b=1s~!. For the particle that passes through the point
(x,y)=(1,1) at instant t =0, plot the pathline during the interval
from =0 to r=3s. Compare with the streamlines plotted through
the same point at the instants =0, 1, and 2 s.

2.22 Consider the garden hose of Fig. 2.5. Suppose the velocity field E]

is given by V = ugi + vosin|@ (1 —x/up)]j, where the x direction is hor-
izontal and the origin is at the mean position of the hose, 1o =10 m/s,
v9=2m/s, and @ =5 cycle/s. Find and plot on one graph the instan-
taneous streamlines that pass through the origin at t=0s, 0.05 s

0.1 s, and 0.15 s. Also find and plot on one graph the pathlines of
particles that left the origin at the same four times.

2.23 Consider the velocity field of Problem 2.18. Plot the streakline []
formed by particles that passed through the point (1, 1) during the

interval from r=0 to r=3s. Compare with the streamlines plotted
through the same point at the instants =0, 1, and 2 s.

2.24 Streaklines are traced out by neutrally buoyant marker fluid [ ]

injected into a flow field from a fixed point in space. A particle of
the marker fluid that is at point (x,y) at time ¢ must have passed
through the injection point (xo,yo) at some earlier instant z=r.
The time history of a marker particle may be found by solving the
pathline equations for the initial conditions that x=x,, y =y, when
t=1. The present locations of particles on the streakline are obtained
by setting 7 equal to values in the range 0 <7 <t. Consider the flow
field V =ax(1+bt)i+cyj, where a=c=1s"" and b=02s"".
Coordinates are measured in meters. Plot the streakline that passes
through the initial point (xo,y0)=(1,1), during the interval from
t=0tot=3s. Compare with the streamline plotted through the same
point at the instants =0, 1, and 2 s.

2.25 Consider the flow field V =axti+ bj, where a= 1/4s7% and
b=1/3m/s. Coordinates are measured in meters. For the particle
that passes through the point (x,y)=(1,2) at the instant t=0,
plot the pathline during the time interval from # =0 to 3 s. Compare
this pathline with the streakline through the same point at the
instant  =3's.

2.26 A flow is described by velocity field V= ay?i+bj, where
a=1m~"'s~! and b=2m/s. Coordinates are measured in meters.
Obtain the equation for the streamline passing through point (6, 6).
Att=1s, what are the coordinates of the particle that passed through
point (1, 4) att=0? Atz=3 s, what are the coordinates of the particle
that passed through point (—3,0) 2 s earlier? Show that pathlines,

streamlines, and streaklines for this flow coincide.

2.27 Tiny hydrogen bubbles are being used as tracers to visualize [ ]
a flow. All the bubbles are generated at the origin (x=0,y=0).

The velocity field is unsteady and obeys the equations:

0<r<2s
0<r<4s

v=2m/s
v=—-1m/s

u=1m/s
u=0
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Plot the pathlines of bubbles that leave the originat =0, 1, 2, 3, and
4 s. Mark the locations of these five bubbles at t =4 s. Use a dashed
line to indicate the position of a streakline at r =4 s.

2.28 A flow is described by velocity field V =ai+ bxf, where
a=2m/s and b=1s"!. Coordinates are measured in meters.
Obtain the equation for the streamline passing through point
(2, 5). At t=2s, what are the coordinates of the particle that
passed through point (0, 4) at r=0? At r=3s, what are the coordi-
nates of the particle that passed through point (1, 4.25) 2 s earlier?
What conclusions can you draw about the pathline, streamline, and
streakline for this flow?

2.29 A flow is described by velocity field V =ayi+ btj, where
a=0.2s"" and b=0.4m/s>. At t=2s, what are the coordinates
of the particle that passed through point (1, 2) at t=0? At t=3s,
what are the coordinates of the particle that passed through point
(1, 2) at r=2s? Plot the pathline and streakline through point
(1, 2), and plot the streamlines through the same point at the instants
t=0,1,2,and 3 s.

2.30 A flow is described by velocity field V =ati+ bj, where
a=0.4m/s> and b=2m/s. At t=2s, what are the coordinates of
the particle that passed through point (2, 1) at t=0? At r=3s, what
are the coordinates of the particle that passed through point (2, 1) at
t =257 Plot the pathline and streakline through point (2, 1) and com-
pare with the streamlines through the same point at the instants =0,
1,and 2 s.

Viscosity
2.31 The variation with temperature of the viscosity of air is repre-
sented well by the empirical Sutherland correlation

le /2

C1+S/T

Best-fit values of b and § are given in Appendix A. Develop an equa-
tion in SI units for kinematic viscosity versus temperature for air at
atmospheric pressure. Assume ideal gas behavior. Check by using
the equation to compute the kinematic viscosity of air at 0°C and
at 100°C and comparing to the data in Appendix A (Table A.10); plot
the kinematic viscosity for a temperature range of 0°C to 100°C,
using the equation and the data in Table A.10.

U

2.32 The variation with temperature of the viscosity of air is corre-
lated well by the empirical Sutherland equation

bT! /2
T1+S8/T

u

Best-fit values of b and § are given in Appendix A for use with SI
units. Use these values to develop an equation for calculating air
viscosity in British Gravitational units as a function of absolute
temperature in degrees Rankine. Check your result using data from
Appendix A.

2.33 Some experimental data for the viscosity of helium at 1 atm are

T,°C 0 100 200 300 400
wN-s/m*(x10% 186 231 272 311 346

Using the approach described in Appendix A.3, correlate these data
to the empirical Sutherland equation

le/Z

H=1+s/T

(where T is in kelvin) and obtain values for constants b and S.

2.34 The velocity distribution for laminar flow between parallel

plates iS giVen by
u 1 < )
max 1

where £ is the distance separating the plates and the origin is placed
midway between the plates. Consider a flow of water at 15°C, with
Umax =0.10m/s and A=0.1 mm. Calculate the shear stress on the
upper plate and give its direction. Sketch the variation of shear stress
across the channel.

2.35 What is the ratio between the viscosities of air and water at
10°C? What is the ratio between their kinematic viscosities at this
temperature and standard barometric pressure?

2.36 Calculate velocity gradients and shear stress for y=0, 0.2,
0.4, and 0.6 m, if the velocity profile is a quarter-circle having
its center 0.6 m from the boundary. The fluid viscosity is
7.5%x107* Ns/m?.

10 m/s

NG

P2.36

2.37 A very large thin plate is centered in a gap of width 0.06 m with
different oils of unknown viscosities above and below; one viscosity
is twice the other. When the plate is pulled at a velocity of 0.3 m/s,
the resulting force on one square meter of plate due to the viscous
shear on both sides is 29 N. Assuming viscous flow and neglecting
all end effects, calculate the viscosities of the oils.

2.38 A female freestyle ice skater, weighing 100 Ibf, glides on one
skate at speed V = 20 ft/s. Her weight is supported by a thin film of
liquid water melted from the ice by the pressure of the skate blade.
Assume the blade is L=11.51n. long and w=0.125 in. wide, and
that the water film is 72 =0.0000575 in. thick. Estimate the decelera-
tion of the skater that results from viscous shear in the water film, if
end effects are neglected.

2.39 A block of mass 10 kg and measuring 250 mm on each edge
is pulled up an inclined surface on which there is a film of SAE
10W-30 oil at 30°F (the oil film is 0.025 mm thick). Find the steady
speed of the block if it is released. If a force of 75 N is applied to pull
the block up the incline, find the steady speed of the block. If the
force is now applied to push the block down the incline, find the
steady speed of the block. Assume the velocity distribution in
the oil film is linear. The surface is inclined at an angle of 30° from
the horizontal.

2.40 A 73-mm-diameter aluminum (SG =2.64) piston of 100-mm
length resides in a stationary 75-mm-inner-diameter steel tube lined
with SAE 10W-30 oil at 25°C. A mass m=2kg is suspended from
the free end of the piston. The piston is set into motion by cutting a
support cord. What is the terminal velocity of mass m? Assume a lin-
ear velocity profile within the oil.
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2.41 A vertical gap 25 mm wide of infinite extent contains oil
of specific gravity 0.95 and viscosity 2.4Pa-s. A metal plate
1.5mXx1.5mx 1.6 mm weighing 45 N is to be lifted through the
gap at a constant speed of 0.06 m-s. Estimate the force required.

2.42 A cylinder 8 in. in diameter and 3 ft long is concentric with a
pipe of 8.25 in. i.d. Between cylinder and pipe there is an oil film.
What force is required to move the cylinder along the pipe at a
constant velocity of 3 fps? The kinematic viscosity of the oil is
0.006 2 /s; the specific gravity is 0.92.

2.43 Crude oil at 20°C fills the space between two concentric cylin-
ders 250 mm high and with diameters of 150 mm and 156 mm. What
torque is required to rotate the inner cylinder at 12 r/min, the outer
cylinder rernaining stationary?

2.44 The piston in Problem 2.40 is traveling at terminal speed. The
mass m now disconnects from the piston. Plot the piston speed vs.
time. How long does it take the piston to come within 1 percent of
its new terminal speed?

2.45 A block of mass M slides on a thin film of oil. The film thick-
ness is / and the area of the block is A. When released, mass m exerts
tension on the cord, causing the block to accelerate. Neglect friction
in the pulley and air resistance. Develop an algebraic expression for
the viscous force that acts on the block when it moves at speed V.
Derive a differential equation for the block speed as a function of
time. Obtain an expression for the block speed as a function of time.
The mass M =5 kg, m=1kg, A=25cm?, and h=0.5 mm. If it takes
1 s for the speed to reach 1 m/s, find the oil viscosity u. Plot the curve
for V().

Block\

M

|
P
h Oil film 1
(viscosity, u)

B3 2.46 A block 0.1 m square, with 5 kg mass, slides down a smooth
~incline, 30° below the horizontal, on a film of SAE 30 oil at 20°C

that is 0.20 mm thick. If the block is released from rest at r =0, what
is its initial acceleration? Derive an expression for the speed of the
block as a function of time. Plot the curve for V(¢). Find the speed
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after 0.1s. If we want the mass to instead reach a speed of
0.3 m/s at this time, find the viscosity p of the oil we would have
to use.

2.47 A torque of 4N -m is required to rotate the intermediate
cylinder at 30 r/min. Calculate the viscosity of the oil. All cylinders
are 450 mm long. Neglect end effects.

0.003 m

0.15mR

0.003 m
P2.47

2.48 A circular disk of diameter d is slowly rotated in a liquid of
large viscosity y, at a small distance & from a fixed surface. Derive
an expression for the torque 7' necessary to maintain an angular
velocity w. Neglect centrifugal effects.

2.49 The fluid drive shown transmits a torque 7 for steady-
state conditions (w; and @, constant). Derive an expression for
the slip (w; —w,) in terms of T, u, d, and h. For values d =6 in.,
h=0.21in., SAE 30 oil at 75°F, a shaft rotation of 120 rpm, and a
torque of 0.003 ft-1bf, determine the slip.

L—Fluid u

\
Driven | §

, Driver |

(1)1

L Disks 2

2.50 A block that is @ mm square slides across a flat plate on a
thin film of oil. The oil has viscosity y and the film is # mm thick.
The block of mass M moves at steady speed U under the influence
of constant force F. Indicate the magnitude and direction of the
shear stresses on the bottom of the block and the plate. If the force
is removed suddenly and the block begins to slow, sketch the result-
ing speed versus time curve for the block. Obtain an expression
for the time required for the block to lose 95 percent of its ini-
tial speed.

2.51 In a food-processing plant, honey is pumped through an annular
tube. The tube is L =2 m long, with inner and outer radii of R; =5 mm
and R, =25 mm, respectively. The applied pressure difference is
Ap =125 kPa, and the honey viscosity is 4 =5 N-s/m?. The theoret-
ical velocity profile for laminar flow through an annulus is:

1 /A R2—R?
u,(r)= ” <Z7> R?—rz—oiRl i <1:)
U ln< l) i

RO

Show that the no-slip condition is satisfied by this expression. Find
the location at which the shear stress is zero. Find the viscous forces
acting on the inner and outer surfaces, and compare these to the force
Apr(R2—R?). Explain.
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P2.51

2.52 SAE 10W-30 oil at 100°C is pumped through a tube L= 10 m
long, diameter D=20mm. The applied pressure difference is
Ap =5 kPa. On the centerline of the tube is a metal filament of diam-
eter d=1pum. The theoretical velocity profile for laminar flow
through the tube is:

1 [Ap 2 , D*-d’ 2r
V(r)—léﬂ(L> d*—4r ln<d) In(~

D

Show that the no-slip condition is satisfied by this expression. Find
the location at which the shear stress is zero, and the stress on the tube
and on the filament. Plot the velocity distribution and the stress dis-
tribution. (For the stress curve, set an upper limit on stress of 5 Pa.)
Discuss the results.

2.53 The lubricant has a kinematic viscosity of 2.8 x 107> m? /s and
specific gravity of 0.92. If the mean velocity of the piston is 6 m/s,
approximately what is the power dissipated in friction?

Lubricant

150 mm

<—300 mm——+
P2.53

2.54 Calculate the approximate viscosity of the oil.

2 ft x 2 ft square plate 13
w=251Ib

V=0.6
ft/s

0.05 in. oil flim

P2.54

2.55 Calculate the approximate power lost in friction in this ship

propeller shaft bearing.
. 0.36md
I; m;l haft
(S a
=17
|
200 rpm m
0.23 mm

p=0.72Pas
P2.55

2.56 Fluids of viscosities y; =0.1 N-s/m? and p, =0.15N-s/m?
are contained between two plates (each plate is 1 m? in area). The

thicknesses are h; =0.5mm and h, =0.3 mm, respectively. Find
the force F to make the upper plate move at a speed of 1 m/s. What
is the fluid velocity at the interface between the two fluids?

| | EY

Ha

My

P2.56

2.57 A concentric cylinder viscometer may be formed by rotating
the inner member of a pair of closely fitting cylinders. The annular
gap is small so that a linear velocity profile will exist in the liquid
sample. Consider a viscometer with an inner cylinder of 4 in. diam-
eter and 8 in. height, and a clearance gap width of 0.001 in., filled
with castor oil at 90°F. Determine the torque required to turn the
inner cylinder at 400 rpm.

PuIIey\ !—r~l

Cord

©

-

P2.57, P2.58

2.58 A concentric cylinder viscometer is driven by a falling mass M
connected by a cord and pulley to the inner cylinder, as shown. The
liquid to be tested fills the annular gap of width a and height H. After
a brief starting transient, the mass falls at constant speed V,,,. Develop
an algebraic expression for the viscosity of the liquid in the device
in terms of M, g, V,,, r, R, a, and H. Evaluate the viscosity of the
liquid using:

M=0.10kg r=25mm
R=50mm a=0.20mm
H=280mm Vin =30 mm/s

2.59 A shaft with outside diameter of 18 mm turns at 20 revolutions
per second inside a stationary journal bearing 60 mm long. A thin
film of oil 0.2 mm thick fills the concentric annulus between the shaft
and journal. The torque needed to turn the shaft is 0.0036 N - m. Esti-
mate the viscosity of the oil that fills the gap.

2.60 A shock-free coupling for a low-power mechanical drive is to
be made from a pair of concentric cylinders. The annular space
between the cylinders is to be filled with oil. The drive must transmit
power, % =10 W. Other dimensions and properties are as shown.
Neglect any bearing friction and end effects. Assume the minimum
practical gap clearance § for the device is 6 =0.25 mm. Dow manu-
factures silicone fluids with viscosities as high as 10° centipoise.



Determine the viscosity that should be specified to satisfy the require-
ment for this device.

P=10W
/

R =10 mm w, > 9000 rpm

@, = 10,000 rpm (outer cylinder)

\— &= Gap clearance
P2.60

2.61 A proposal has been made to use a pair of parallel disks to
measure the viscosity of a liquid sample. The upper disk rotates at
height /2 above the lower disk. The viscosity of the liquid in the
gap is to be calculated from measurements of the torque needed to
turn the upper disk steadily. Obtain an algebraic expression for the
torque needed to turn the disk. Could we use this device to measure
the viscosity of a non-Newtonian fluid? Explain.

|
J -
| | |1

R

P2.61

[] 2.62 The cone and plate viscometer shown is an instrument used

- frequently to characterize non-Newtonian fluids. It consists of a flat
plate and a rotating cone with a very obtuse angle (typically @ is less
than 0.5 degrees). The apex of the cone just touches the plate surface
and the liquid to be tested fills the narrow gap formed by the cone and
plate. The viscometer is used to measure the apparent viscosity of a
fluid. The data below are obtained. What kind of non-Newtonian
fluid is this? Find the values of k and n used in Eqs. 2.16 and 2.17
in defining the apparent viscosity of a fluid. (Assume 6 is 0.5
degrees.) Predict the viscosity at 90 and 100 rpm.

Speed dpm) 10 20 30 40 50 60 70 80
u(N-s/m?) 0.121 0.139 0.153 0.159 0.172 0.172 0.183 0.185

T
L‘A/\’"i’s_aﬁﬂeﬂ—’_—‘

P2.62

[] 2.63 A viscometer is used to measure the viscosity of a patient’s
blood. The deformation rate (shear rate)-shear stress data is shown
below. Plot the apparent viscosity versus deformation rate. Find
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the value of k and » in Eq. 2.17, and from this examine the aphorism
“Blood is thicker than water.”

duldy s™") 5 10 25 50 100 200 300 400
7 (Pa) 0.0457 0.119 0.241 0.375 0.634 1.06 1.46 1.78

2.64 A concentric-cylinder viscometer is shown. Viscous torque is
produced by the annular gap around the inner cylinder. Additional
viscous torque is produced by the flat bottom of the inner cylinder
as it rotates above the flat bottom of the stationary outer cylinder.
Obtain an algebraic expression for the viscous torque due to flow
in the annular gap of width a. Obtain an algebraic expression for
the viscous torque due to flow in the bottom clearance gap of height
b. Prepare a plot showing the ratio, b/a, required to hold the bottom
torque to 1 percent or less of the annulus torque, versus the other geo-
metric variables. What are the design implications? What modifica-
tions to the design can you recommend?

-

b
i

1
P2.64

2.65 Design a concentric-cylinder viscometer to measure the
viscosity of a liquid similar to water. The goal is to achieve a
measurement accuracy of £1 percent. Specify the configuration
and dimensions of the viscometer. Indicate what measured parameter
will be used to infer the viscosity of the liquid sample.

2.66 A cross section of a rotating bearing is shown. The spherical
member rotates with angular speed w, a small distance, a, above the
plane surface. The narrow gap is filled with viscous oil, having
1 =1250 cp. Obtain an algebraic expression for the shear stress act-
ing on the spherical member. Evaluate the maximum shear stress that
acts on the spherical member for the conditions shown. (Is the max-
imum necessarily located at the maximum radius?) Develop an alge-
braic expression (in the form of an integral) for the total viscous shear
torque that acts on the spherical member. Calculate the torque using
the dimensions shown.

19)
®=70rpm R=75mm
a=0.5mm
l = /Oil in gap
' Ry =20 mm
P2.66
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Surface Tension

2.67 Small gas bubbles form in soda when a bottle or can is opened.
The average bubble diameter is about 0.1 mm. Estimate the pressure
difference between the inside and outside of such a bubble.

2.68 You intend to gently place several steel needles on the free sur-
face of the water in a large tank. The needles come in two lengths:
Some are 5 cm long, and some are 10 cm long. Needles of each length
are available with diameters of 1 mm, 2.5 mm, and 5 mm. Make a
prediction as to which needles, if any, will float.

2.69 According to Folsom [6], the capillary rise Ak (in.) of a water-
air interface in a tube is correlated by the following empirical
expression:

Ah=Ae~bP

where D (in.) is the tube diameter, A =0.400, and b=4.37. You do
an experiment to measure Ah versus D and obtain:

D(n) 01 02 03 04 05 06 07 08 09 1 1.1
Ah (in.) 0.232 0.183 0.09 0.059 0.052 0.033 0.017 0.01 0.006 0.004 0.003

What are the values of A and b that best fit this data using Excel’s
Trendline feature? Do they agree with Folsom’s values? How good is
the data?

2.70 Calculate and plot the maximum capillary rise of water (20°C)
to be expected in a vertical glass tube as a function of tube diameter
for diameters from 0.5 to 2.5 mm.

2.71 Calculate the maximum capillary rise of water (20°C) to
be expected between two vertical, clean glass plates spaced 1 mm
apart.

2.72 Calculate the maximum capillary depression of mercury to be
expected in a vertical glass tube 1 mm in diameter at 15.5°C.

Description and Classification of Fluid Motions

2.73 Water usually is assumed to be incompressible when evaluat-
ing static pressure variations. Actually it is 100 times more compress-
ible than steel. Assuming the bulk modulus of water is constant,
compute the percentage change in density for water raised to a gage
pressure of 100 atm. Plot the percentage change in water density as
a function of p/pam up to a pressure of 50,000 psi, which is
the approximate pressure used for high-speed cutting jets of water

to cut concrete and other composite materials. Would constant
density be a reasonable assumption for engineering calculations
for cutting jets?

2.74 The viscous boundary layer velocity profile shown in Fig. 2.15
can be approximated by a cubic equation,

01=a) )’

The boundary condition is = U (the free stream velocity) at the
boundary edge 6 (where the viscous friction becomes zero). Find
the values of a, b, and c.

2.75 In a food industry process, carbon tetrachloride at 20°C flows
through a tapered nozzle from an inlet diameter D;, =50 mm to an
outlet diameter of Dy, The area varies linearly with distance along
the nozzle, and the exit area is one-fifth of the inlet area; the nozzle
length is 250 mm. The flow rate is Q =2 L/min. It is important for the
process that the flow exits the nozzle as a turbulent flow. Does it? If
so0, at what point along the nozzle does the flow become turbulent?

2.76 What is the Reynolds number of water at 20°C flowing at
0.25 m/s through a 5-mm-diameter tube? If the pipe is now heated,
at what mean water temperature will the flow transition to turbu-
lence? Assume the velocity of the flow remains constant.

2.77 A supersonic aircraft travels at 2700 km/hr at an altitude of
27 km. What is the Mach number of the aircraft? At what approxi-
mate distance measured from the leading edge of the aircraft’s wing
does the boundary layer change from laminar to turbulent?

2.78 SAE 30 oil at 100°C flows through a 12-mm-diameter stain-
less-steel tube. What is the specific gravity and specific weight of
the oil? If the oil discharged from the tube fills a 100-mL graduated
cylinder in 9 seconds, is the flow laminar or turbulent?

2.79 A seaplane is flying at 100 mph through air at 45°F. At what
distance from the leading edge of the underside of the fuselage does
the boundary layer transition to turbulence? How does this boundary
layer transition change as the underside of the fuselage touches the
water during landing? Assume the water temperature is also 45°F.

2.80 An airliner is cruising at an altitude of 5.5 km with a speed
of 700 km/hr. As the airliner increases its altitude, it adjusts its
speed so that the Mach number remains constant. Provide a sketch
of speed vs. altitude. What is the speed of the airliner at an altitude
of 8 km?
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Case Study

Wave Power: Wavebob

Humans have been interested in tapping the
immense power of the ocean for centuries, but with
fossil fuels (oil and gas) becoming depleted, the
development of ocean energy technology is becom-
ing important. Wave power in particular is attractive
to a number of countries with access to a suitable
resource. Geographically and commercially it's
believed the richest wave energy resources currently
are off the Atlantic coast of Europe (in particular
near Ireland, the UK, and Portugal), the west coast
of North America (from San Francisco to British
Columbia), Hawaii, and New Zealand.

A family of devices called point absorbers is being
developed by a number of companies. These are
usually axisymmetric about a vertical axis, and by
definition they are small compared to the wave-
length of the waves that they are designed to
exploit. The devices usually operate in a vertical
mode, often referred to as heave; a surface-piercing
float rises and falls with the passing waves and
reacts against either the seabed or something
attached to it. These devices ultimately depend on
a buoyancy force, one of the topics of this chapter.

A company named Wavebob Ltd. has developed
one of the simplest of these devices. This innovative
eponymous device, as shown in the figure, is proving
to be successful for extracting wave energy. The fig-
ure does not indicate the size of the device, but it is
quite large; the upper chamber has a diameter of
20 m. It looks like just another buoy floating on
the surface, but underneath it is constantly harvest-
ing energy. The lower component of the Wavebob is
tethered to the ocean floor and so remains in its
vertical location, while the section at the surface
oscillates as the waves move over it. Hence the dis-
tance between the two components is constantly
changing, with a significant force between them;
R, R

R
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3.5 Buoyancy and Stability

3.6 Fluids in Rigid-Body Motion (on the Web)

3.7 Summary and Useful Equations
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—
work can thus be done on an electrical generator.
The two components of the machinery contain elec-
tronic systems that can be controlled remotely or
self-regulating, and these make the internal mech-
anism automatically react to changing ocean and
wave conditions by retuning as needed, so that
at all times the maximum amount of energy is
harvested.

Picture courtesy of Grainne Byrne, Wavebob Ltd.

Schematic of Wavebob.

It has already been tested in the Atlantic Ocean off
the coast of Ireland and is designed to have a 25-year
life span and to be able to survive all but the very
worst storms. Each Wavebob is expected to produce
about 500 kW of power or more, sufficient electricity
for over a thousand homes; it is intended to be part
of a large array of such devices. It seems likely this
device will become ubiquitous because it is relatively
inexpensive, very low maintenance, and durable, and
it takes up only a small area.
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Chapter 3 Fluid Statics

In Chapter 1, we defined a fluid as any substance that flows (continuously deforms) when it experiences
a shear stress; hence for a static fluid (or one undergoing “rigid-body” motion) only normal stress is
present—in other words, pressure. We will study the topic of fluid statics (often called hydrostatics, even
though it is not restricted to water) in this chapter.

Although fluid statics problems are the simplest kind of fluid mechanics problems, this is not the
only reason we will study them. The pressure generated within a static fluid is an important phenomenon
in many practical situations. Using the principles of hydrostatics, we can compute forces on submerged
objects, develop instruments for measuring pressures, and deduce properties of the atmosphere and
oceans. The principles of hydrostatics also may be used to determine the forces developed by hydraulic
systems in applications such as industrial presses or automobile brakes.

In a static, homogeneous fluid, or in a fluid undergoing rigid-body motion, a fluid particle retains its
identity for all time, and fluid elements do not deform. We may apply Newton’s second law of motion to
evaluate the forces acting on the particle.

3.1 The Basic Equation of Fluid Statics

The first objective of this chapter is to obtain an equation for computing the pressure field in a static
fluid. We will deduce what we already know from everyday experience, that the pressure increases with
depth. To do this, we apply Newton’s second law to a differential fluid element of mass dm = p d¥, with
sides dx, dy, and dz, as shown in Fig. 3.1. The fluid element is stationary relative to the stationary
rectangular coordinate system shown. (Fluids in rigid-body motion will be treated in Section 3.6 on
the web.)

From our previous discussion, recall that two general types of forces may be applied to a fluid: body
forces and surface forces. The only body force that must be considered in most engineering problems is
due to gravity. In some situations body forces caused by electric or magnetic fields might be present; they
will not be considered in this text.

For a differential fluid element, the body force is

dFg= gdm= gpd¥

where g is the local gravity vector, p is the density, and d¥ is the volume of the element. In Cartesian
coordinates d¥ =dx dy dz, so

dFp=pg dxdydz

In a static fluid there are no shear stresses, so the only surface force is the pressure force. Pressure is a
scalar field, p = p(x,y,z); in general we expect the pressure to vary with position within the fluid. The net
pressure force that results from this variation can be found by summing the forces that act on the six faces
of the fluid element.

dz
_dpdy o dp dy A
(,, a??) (dxd2) () - |9 4——_|-<p+0y 2>(dxdz)(j)
/L
Pressure, p J
y

X

Fig. 3.1 Differential fluid element and pressure forces in the y direction.
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Let the pressure be p at the center, O, of the element. To determine the pressure at each of the six
faces of the element, we use a Taylor series expansion of the pressure about point O. The pressure at the
left face of the differential element is

dp dp [ dy dp dy
pL=p dy()’L y)=p ay< >
(Terms of higher order are omitted because they will vanish in the subsequent limiting process.) The
pressure on the right face of the differential element is

dy 2

Pr=p+ %p(yze—y) =p+ %’%

The pressure forces acting on the two y surfaces of the differential element are shown in Fig. 3.1.
Each pressure force is a product of three factors. The first is the magnitude of the pressure. This mag-
nitude is multiplied by the area of the face to give the magnitude of the pressure force, and a unit vector is
introduced to indicate direction. Note also in Fig. 3.1 that the pressure force on each face acts against the
face. A positive pressure corresponds to a compressive normal stress.

Pressure forces on the other faces of the element are obtained in the same way. Combining all such
forces gives the net surface force acting on the element. Thus

afs = (- 25 (@ a0+ (p+ L5 ) @y (-0

k) dx dy dz (3.1a)

The term in parentheses is called the gradient of the pressure or simply the pressure gradient and may be
written grad p or Vp. In rectangular coordinates

O0p Op ~0p 20 .0 -0
dp=Vp=(i—+j—+k—|=|i—+j—+k—
graep=1Yp (ldx ]dy az) <lax jay az>p

The gradient can be viewed as a vector operator; taking the gradient of a scalar field gives a vector field.
Using the gradient designation, Eq. 3.1a can be written as

dFs= —grad p(dx dy dz) = —Vp dx dy dz (3.1b)

Physically the gradient of pressure is the negative of the surface force per unit volume due to pressure.
Note that the pressure magnitude itself is not relevant in computing the net pressure force; instead what
counts is the rate of change of pressure with distance, the pressure gradient. We shall encounter this term
throughout our study of fluid mechanics.

We combine the formulations for surface and body forces that we have developed to obtain the total
force acting on a fluid element. Thus

dF =dFg+dFp=(-Vp+pg)dxdyd:=(—Vp+pg)d¥

or on a per unit volume basis

dF .
—=—-Vp+ 3.2
prrs p+pg (3:2)
For a fluid particle, Newton’s second law gives F=ddm=a pd¥-. For a static fluid, a =0. Thus
dF .
=pa =0

i
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Substituting for dF /d¥ from Eq. 3.2, we obtain
—-Vp+pg =0 (3.3)

Let us review this equation briefly. The physical significance of each term is

-Vp + pg =0
net pressure force body force per
per unit volume »+< unitvolume »=0
at a point at a point

This is a vector equation, which means that it is equivalent to three component equations that must be
satisfied individually. The component equations are
) L
P +pgy=0 xdirection
ox

9 L
- +pgy =0 ydirection (3.4)

dy
9 N
_ P +pg.=0 zdirection

0z

Equations 3.4 describe the pressure variation in each of the three coordinate directions in a static

fluid. It is convenient to choose a coordinate system such that the gravity vector is aligned with one
of the coordinate axes. If the coordinate system is chosen with the z axis directed vertically upward,
asinFig. 3.1, then g, =0, g, =0, and g, = —g. Under these conditions, the component equations become

o) o) 9

P_o %P _o P

ox ay 0z
Equations 3.5 indicate that, under the assumptions made, the pressure is independent of coordinates x

and y; it depends on z alone. Thus since p is a function of a single variable, a total derivative may be used
instead of a partial derivative. With these simplifications, Eqgs. 3.5 finally reduce to

-pg (3.5)

dp
=—pga= e 3.6
dz P8 14 (3.6)

Restrictions:

1 Static fluid.
2 Gravity is the only body force.

3 The z axis is vertical and upward.

In Eq. 3.6, y is the specific weight of the fluid. This equation is the basic pressure-height relation of fluid
statics. It is subject to the restrictions noted. Therefore it must be applied only where these restrictions are
reasonable for the physical situation. To determine the pressure distribution in a static fluid, Eq. 3.6 may
be integrated and appropriate boundary conditions applied.

Before considering specific applications of this equation, it is important to remember that pressure
values must be stated with respect to a reference level. If the reference level is a vacuum, pressures are
termed absolute, as shown in Fig. 3.2.

Pressure level

Pabsolute

777777777777777 Atmospheric pressure:
101.3 kPa (14.696 psia)
at standard sea level
conditions

Fig. 3.2 Absolute and gage pressures, showing

Vacuum reference levels.



3.2 The Standard Atmosphere

Most pressure gages indicate a pressure difference—the difference between the measured pressure
and the ambient level (usually atmospheric pressure). Pressure levels measured with respect to atmos-
pheric pressure are termed gage pressures. Thus

Pgage = Pabsolute — Patmosphere

For example, a tire gage might indicate 30 psi; the absolute pressure would be about 44.7 psi.
Absolute pressures must be used in all calculations with the ideal gas equation or other equations
of state.

3.2 The Standard Atmosphere

Scientists and engineers sometimes need a numerical or analytical model of the Earth’s atmosphere in
order to simulate climate variations to study, for example, effects of global warming. There is no single
standard model. An International Standard Atmosphere (ISA) has been defined by the International Civil
Aviation Organization (ICAO); there is also a similar U.S. Standard Atmosphere.

The temperature profile of the U.S. Standard Atmosphere is shown in Fig. 3.3. Additional property
values are tabulated as functions of elevation in Appendix A. Sea level conditions of the U.S. Standard
Atmosphere are summarized in Table 3.1.

90

80 —

-92.5°C

60 —

o
o)
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N
o
I

Elevation (km)

10 —

0 | | | | |
-120 -100 -80 -60 -40 -20 0 20
Temperature (°C)

Fig. 3.3 Temperature variation with altitude in the U.S. Standard Atmosphere.

Table 3.1
Sea Level Conditions of the U.S. Standard Atmosphere
Property Symbol SI English

Temperature T 15°C 59°F
Pressure p 101.3 kPa (abs) 14.696 psia
Density p 1.225 kg/m? 0.002377 slug /ft*
Specific weight 4 — 0.07651 Ibf/ >
Viscosity 2 1.789x 10~ kg/(m-s)(Pa-s) 3.737x 1077 Ibf -s /f¢*
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3.3 Pressure Variation in a Static Fluid

We proved that pressure variation in any static fluid is described by the basic pressure-height relation

dp _
dz

Although pg may be defined as the specific weight, y, it has been written as pg in Eq. 3.6 to emphasize
that both p and g must be considered variables. In order to integrate Eq. 3.6 to find the pressure distri-
bution, we need information about variations in both p and g.

For most practical engineering situations, the variation in g is negligible. Only for a purpose such as
computing very precisely the pressure change over a large elevation difference would the variation in g
need to be included. Unless we state otherwise, we shall assume g to be constant with elevation at any
given location.

-pg (3.6)

Incompressible Liquids: Manometers
For an incompressible fluid, p = constant. Then for constant gravity,

dp
— = —pg =constant
dz

To determine the pressure variation, we must integrate and apply appropriate boundary conditions. If the
pressure at the reference level, 7, is designated as p, then the pressure, p, at level z is found by

integration:
4 z
/ dp=— / pg dz
Po 20

p—po=—pg(z—20) =pg(20—2)

or

For liquids, it is often convenient to take the origin of the coordinate system at the free surface (reference
level) and to measure distances as positive downward from the free surface as in Fig. 3.4.
With & measured positive downward, we have

20—z=h

and obtain
p—po=Ap=pgh (3.7)

Equation 3.7 indicates that the pressure difference between two points in a static incompressible fluid can
be determined by measuring the elevation difference between the two points. Devices used for this
purpose are called manometers. Use of Eq. 3.7 for a manometer is illustrated in Example 3.1.
Manometers are simple and inexpensive devices used frequently for pressure measurements.
Because the liquid level change is small at low pressure differential, a U-tube manometer may be dif-
ficult to read accurately. The sensitivity of a manometer is a measure of how sensitive it is compared to a
simple water-filled U-tube manometer. Specifically, it is the ratio of the deflection of the manometer to

20— 0 —po level and

{ Reference
pressure

1
Location and

7<zp— h —p>py {pressure of
interest

Fig. 3.4 Use of z and h coordinates.
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Example 3.1 SYSTOLIC AND DIASTOLIC PRESSURE

Normal blood pressure for a human is 120/80 mm Hg. By modeling a sphygmomanometer pressure gage as a U-tube manometer,
convert these pressures to psig.

Given: Gage pressures of 120 and 80 mm Hg.

Find: The corresponding pressures in psig. Blood
pressure

Solution: Apply hydrostatic equation to points A, A’, and B.
Governing equation:
p—po=Ap=pgh (3.1)
Assumptions:
1 Static fluid.
2 Incompressible fluids.
3 Neglect air density (< Hg density).

Applying the governing equation between points A’ and B (and pp is atmospheric and therefore zero gage):
pa =pp +pugh=SGugpu,08h

In addition, the pressure increases as we go downward from point A’ to the bottom of the manometer, and decreases by
an equal amount as we return up the left branch to point A. This means points A and A’ have the same pressure, so we end
up with

pa=pa =SGugpy,08h
Substituting SGpg = 13.6 and py,o =1.94 slug/ ft> from Appendix A.1 yields for the systolic pressure (k=120 mm Hg)

Pystolic =pa =13.6 X 1.94“% x 32.2f—; x 120 mm X — Notes:
ft B 25.4mm + Two points at the same level in a
ft Ibf - §2 continuous single fluid have the same
12in. ~ slug-ft el
- In manometer problems we neglect
Psystolic = 334 1bf/ft2 =2.32psi Psystolic change in pressure with depth for a
8aS: pgas < Pliquid-
By a similar process, the diastolic pressure (2 =80 mm Hg) is * This problem Sh‘?WS the conversion from
mm Hg to psi, using Eq. 3.7: 120 mm Hg is
Paiastotic = 1.55 psi Pdiastolic equivalent to about 2.32 psi. More gen-

erally, 1atm =14.7 psi = 101 kPa =
760 mm Hg.

that of a water-filled U-tube manometer, due to the same applied pressure difference Ap. Sensitivity can
be increased by changing the manometer design or by using two immiscible liquids of slightly different
density. Analysis of an inclined manometer is illustrated in Example 3.2.

Students sometimes have trouble analyzing multiple-liquid manometer situations. The following
rules of thumb are useful:

I Any two points at the same elevation in a continuous region of the same liquid are at the same
pressure.

2 Pressure increases as one goes down a liquid column (remember the pressure change on diving into a
swimming pool).
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Example 3.2 ANALYSIS OF INCLINED-TUBE MANOMETER

An inclined-tube reservoir manometer is constructed as shown. Derive a general expression for the liquid deflection, L, in the
inclined tube, due to the applied pressure difference, Ap. Also obtain an expression for the manometer sensitivity, and discuss the
effect on sensitivity of D, d, 6, and SG.

Given: Inclined-tube reservoir manometer.

Find: Expression for L in terms of Ap.
General expression for manometer sensitivity.
Effect of parameter values on sensitivity.

Solution: Use the equilibrium liquid level as a reference.

Governing equations:

p
p—po=A4p=pgh SG=— ary
PH,0 ||
Assumptions:
I Static fluid. my @l;
2 Incompressible fluid. _/__T_ _________
. . 5 q Equilibrium 4
Applying the governing equation between points / and 2 liquid level \Gage liquid, »,
p1—p2=Ap=pig(hi +hy) (1)

To eliminate /;, we recognize that the volume of manometer liquid remains constant; the volume displaced from the reservoir
must equal the volume that rises in the tube, so

zD? rd? d\?
=" or m=L(%
g MT g (D>

In addition, from the geometry of the manometer, 4, = L sin 6. Substituting into Eq. 1 gives
d\’ d\’
Ap=p,g [L sin 6+L(D> ] =p,8L lsin 0+ (D) ]

Ap

d\ 2
P8 [sm9+ (D> ] L

To find the sensitivity of the manometer, we need to compare this to the deflection 4 a simple U-tube manometer, using water
(density p), would experience,

Thus

=

_4p
P8

h
The sensitivity s is then

E_ 1
h ne
sm6’+(5> ] g

where we have used SG; = p,/p. This result shows that to increase sensitivity, SGj, sin 6, and d /D each should be made as small as
possible. Thus the designer must choose a gage liquid and two geometric parameters to complete a design, as discussed below.

S =

SG;
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Gage Liquid

The gage liquid should have the smallest possible specific gravity to increase sensitivity. In addition, the gage liquid must be safe
(without toxic fumes or flammability), be immiscible with the fluid being gaged, suffer minimal loss from evaporation, and
develop a satisfactory meniscus. Thus the gage liquid should have relatively low surface tension and should accept dye to
improve its visibility.

Tables A.1, A.2, and A.4 show that hydrocarbon liquids satisfy many of these criteria. The lowest specific gravity is about 0.8,
which increases manometer sensitivity by 25 percent compared to water.

Diameter Ratio

The plot shows the effect of diameter ratio on sensitivity for a vertical reservoir manometer with gage liquid of unity specific
gravity. Note that d/D =1 corresponds to an ordinary U-tube manometer; its sensitivity is 0.5 because for this case the total
deflection will be &, and for each side it will be h/2, so L=~h/2. Sensitivity doubles to 1.0 as d/D approaches zero because
most of the level change occurs in the measuring tube.

The minimum tube diameter d must be larger than about 6 mm to avoid excessive capillary effect. The maximum reservoir
diameter D is limited by the size of the manometer. If D is set at 60 mm, so that d/D is 0.1, then (d/D)* =0.01, and the sensitivity
increases to 0.99, very close to the maximum attainable value of 1.0.

1.0 6
T 08 7 S
Z osF EE
= O .
g r 0=90° 23
7 04 SG=1 =50
c
& 02 31
00 I I I S B B 0 | | | | | | | |
0 0.2 0.4 0.6 0.8 1.0 0 10 20 30 40 50 60 70 80 90
Diameter ratio, d/D (—) Angle, 0 (degrees)

Inclination Angle

The final plot shows the effect of inclination angle on sensitivity for (d/D) = 0. Sensitivity increases sharply as inclination angle
is reduced below 30 degrees. A practical limit is reached at about 10 degrees: The meniscus becomes indistinct and the level hard
to read for smaller angles.

Summary

Combining the best values (SG=0.8, d/D=0.1, and 0 =10 degrees) gives a
manometer sensitivity of 6.81. Physically this is the ratio of observed gage
liquid deflection to equivalent water column height. Thus the deflection in the
inclined tube is amplified 6.81 times compared to a vertical water column. With ®8  The graphs were generated from
improved sensitivity, a small pressure difference can be read more accurately than the Excel workbook for this

with a water manometer, or a smaller pressure difference can be read with the
same accuracy.

problem. This workbook has more detailed
graphs, showing sensitivity curves for a
range of values of d/D and 6.

To find the pressure difference Ap between two points separated by a series of fluids, we can use the
following modification of Eq. 3.1:

Ap=g> pihi (3:8)

where p; and h; represent the densities and depths of the various fluids, respectively. Use care in applying
signs to the depths £;; they will be positive downwards, and negative upwards. Example 3.3 illustrates
the use of a multiple-liquid manometer for measuring a pressure difference.
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Example 3.3 MULTIPLE-LIQUID MANOMETER

Water flows through pipes A and B. Lubricating oil is in the upper portion of the inverted U. Mercury is in the bottom of the
manometer bends. Determine the pressure difference, py —pg, in units of 1bf/ in.?

Given: Multiple-liquid manometer as shown.

Find: Pressure difference, py —pg, in 1bf/ in.?
Solution:

Governing equations:

Ap=g> phi  SG=
i

Assumptions:
1 Static fluid.

2 Incompressible fluid.

P
PH,0

Applying the governing equation, working from point
BtoA

Pa—pB=4p = g(pn,0d5 + Prgds—pouds

&*

w

+ Pugda —Pu,0d1)

U
N

This equation can also be derived by repeatedly using
Eq. 3.1 in the following form:

p2—p1=pg(ha—hy) g

Beginning at point A and applying the equation
between successive points along the manometer gives

=]

Pc—Pa= +pyu,08d1
Pp—DPc = —Pug8da
PE—PD= *+ 1843
PF—PE= —Ppg8ds
PB—PF= —Pu,08ds
Multiplying each equation by minus one and adding, we obtain Eq. 1
pa—ps=(pa—pc)+ (pc—pp) + (Pp—pE) + (Pe—PF) + (Pr—P5)
= —pu,0841 + Pre8da —Poii8d3 + Prg8ds + p,08ds
Substituting p = SGpy,o with SGpy, =13.6 and SG,; =0.88 (Table A.2), yields
pa—pp=8(—pu,0di + 13.6py,0d> —0.88py,0d3 + 13.6py,0d4 + p,0ds)
=gpu,0(—di +13.6d,—0.88d3 + 13.6d, + ds)
PA—DPB=8Pn,0(—10+40.8—-3.52+ 68 + 8)in.
PA—DB=8Pn,0 X 103.3 in.

ft 1 ft ft? Ibf - 52
=322 X 1.94°22 X 103.3in. X —3— X —— X ——
S ft 12in. " 144in.”"  slug-ft This problem shows use of both Eq. 3.1 and
Pa—pa=3.73 lbf/in ) PA—DB Eg. 3.8. Use of either equation is a matter
A—DB = 9. .

of personal preference.
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Atmospheric pressure may be obtained from a barometer, in which the height of a mercury column
is measured. The measured height may be converted to pressure using Eq. 3.1 and the data for specific
gravity of mercury given in Appendix A, as discussed in the Notes of Example 3.1. Although the vapor
pressure of mercury may be neglected, for precise work, temperature and altitude corrections must be
applied to the measured level and the effects of surface tension must be considered. The capillary effect
in a tube caused by surface tension was illustrated in Example 2.3.

Gases

In many practical engineering problems density will vary appreciably with altitude, and accurate results
will require that this variation be accounted for. Pressure variation in a compressible fluid can be eval-
uated by integrating Eq. 3.6 if the density can be expressed as a function of p or z. Property information or
an equation of state may be used to obtain the required relation for density. Several types of property
variation may be analyzed as shown in Example 3.4.

The density of gases generally depends on pressure and temperature. The ideal gas equation of state,

p=pRT (1.1)

where R is the gas constant (see Appendix A) and 7 the absolute temperature, accurately models
the behavior of most gases under engineering conditions. However, the use of Eq. 1.1 introduces the
gas temperature as an additional variable. Therefore, an additional assumption must be made about tem-
perature variation before Eq. 3.6 can be integrated.

In the U.S. Standard Atmosphere the temperature decreases linearly with altitude up to an
elevation of 11.0 km. For a linear temperature variation with altitude given by 7'= Ty —mz, we obtain,
from Eq. 3.6,

P8

—d
R(To —mz) <

24
dp=—pgdz=——dz=—
p=psd RT™
Separating variables and integrating from z =0 where p = py to elevation z where the pressure is p gives

Pdp /Z gdz
Po p 0 R(To_mz)

Then

To—
JTLCA S P (L - Wy (e
Po mR TO mR TQ

and the pressure variation, in a gas whose temperature varies linearly with elevation, is given by

g/mR g/mR
mz T
(1 (L 3.9
P Po( To) PO(TO) (39)

Hydraulic systems are used to transmit forces from one location to another using a fluid as the
medium. For example, automobile hydraulic brakes develop pressures up to 10 MPa (1500 psi); aircraft
and machinery hydraulic actuation systems frequently are designed for pressures up to 40 MPa
(6000 psi), and jacks use pressures to 70 MPa (10,000 psi). Special-purpose laboratory test equipment
is commercially available for use at pressures to 1000 MPa (150,000 psi)!

Although liquids are generally considered incompressible at ordinary pressures, density changes
may be appreciable at high pressures. Bulk moduli of hydraulic fluids also may vary sharply at high
pressures. In problems involving unsteady flow, both compressibility of the fluid and elasticity of
the boundary structure (e.g., the pipe walls) must be considered. Analysis of problems such as water
hammer noise and vibration in hydraulic systems, actuators, and shock absorbers quickly becomes com-
plex and is beyond the scope of this book, although the same principles apply as in this section.

57
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Example 3.4 PRESSURE AND DENSITY VARIATION IN THE ATMOSPHERE

The maximum power output capability of a gasoline or diesel engine decreases with altitude because the air density and hence the
mass flow rate of air decrease. A truck leaves Denver (elevation 5280 ft) on a day when the local temperature and barometric
pressure are 80°F and 24.8 in. of mercury, respectively. It travels through Vail Pass (elevation 10,600 ft), where the temperature is
62°F. Determine the local barometric pressure at Vail Pass and the percent change in density.

Given: Truck travels from Denver to Vail Pass.

Denver: z=15280 ft Vail Pass: z=10,600 ft
p=24.8in. Hg T=62°F
T =80°F

Find: Atmospheric pressure at Vail Pass.
Percent change in air density between Denver and Vail.

Solution:

. . dp
Governing equations: & =—pg p=pRT
Assumptions:

1 Static fluid.

2 Air behaves as an ideal gas.

We shall consider four assumptions for property variations with altitude.

(a) If we assume temperature varies linearly with altitude, Eq. 3.9 gives
D T g/mR
po <T0>

_Ty-T _ (80-62)°F
"~ z—z0 (10.6—-5.28)10° ft

Evaluating the constant m gives

=3.38x 1073 °F/ft

and
g ft ft Ibm-°R slug Ibf - s
— =322-X 5= X X X =5.55
mR $2° 338%x1072°F 53.3ft-Ibf ~ 32.21bm " slug-ft
Thus
/mR 5.55
p _(T\¥"™  [460+62 _ 555
o (T()) = <460+80 =(0.967)"> =0.830
and

p=0.830 py = (0.830)24.8 in. Hg = 20.6 in. Hg p

Note that temperature must be expressed as an absolute temperature in the ideal gas equation of state.
The percent change in density is given by

_ T, 0.830
PePo_P P20 2% - 0142 or —142% Po
% Po PoT 0.967
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(b) For p assumed constant (= p,),

P=P0—Pog(z—z0) =p0_pog(Z—_ZO>: |:1_g(Z_ZO):|

RT, RT,
Ap
A " po
p=202in.Hg and -2 =0 Po
Po
(c) If we assume the temperature is constant, then
dp=—pgdz= —iga’z
RT
and
P z
[ 4
Po p 20 RT
_ —g(z—2)
P =Do eXp [ RT }
For T = constant =T,
P £
A N
p=206in.Hg and =2 =—16.9% Po
Po
(d) For an adiabatic atmosphere p/p* = constant,
4p
k/k—1 Ap , p_
P=po <—> =22.0in.Hg and —==-8.2% 0
Ty Po

We note that over the modest change in elevation the predicted pressure is not
strongly dependent on the assumed property variation; values calculated under
four dlffieren;lassumptlons vary by a tLnamm(;l.m odf approx1mli1tely 9. pe;cen.t. Tl}e;e i el S e e e
is considerably gfeater variation in e pre 1cte? per.cent change in ensity. The equation with the basic pressure-height
assumption of a linear temperature variation with altitude is the most reasonable relation to obtain the change in pressure
assumption. with height in the atmosphere under
various atmospheric assumptions.

3.4 Hydrostatic Force on Submerged Surfaces

Now that we have determined how the pressure varies in a static fluid, we can examine the force on a
surface submerged in a liquid.
In order to determine completely the resultant force acting on a submerged surface, we must specify:

1 The magnitude of the force.
2 The direction of the force.

3 The line of action of the force.

We shall consider both plane and curved submerged surfaces.

Hydrostatic Force on a Plane Submerged Surface

A plane submerged surface, on whose upper face we wish to determine the resultant hydrostatic force, is
shown in Fig. 3.5. The coordinates are important: They have been chosen so that the surface lies in the xy
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Liquid surface
v/ 0 Ambient pressure, pg

Liquid,
density = p

xy plane viewed from above

Edge view

y
Point of application of Fy
(center of pressure)

Fig. 3.5 Plane submerged surface.

plane, and the origin O is located at the intersection of the plane surface (or its extension) and the free
surface. As well as the magnitude of the force Fr, we wish to locate the point (with coordinates x’,y)
through which it acts on the surface.

Since there are no shear stresses in a static fluid, the hydrostatic force on any element of the surface
acts normal to the surface. The pressure force acting on an element dA = dx dy of the upper surface is
given by

dF =pdA
The resultant force acting on the surface is found by summing the contributions of the infinitesimal
forces over the entire area.

Usually when we sum forces we must do so in a vectorial sense. However, in this case all of the
infinitesimal forces are perpendicular to the plane, and hence so is the resultant force. Its magnitude is
given by

Fr= / pdA (3.10a)
A

In order to evaluate the integral in Eq. 3.10a, both the pressure, p, and the element of area, dA, must be
expressed in terms of the same variables.
We can use Eq. 3.7 to express the pressure p at depth % in the liquid as

p=po+pgh
In this expression py is the pressure at the free surface (h=0).
In addition, we have, from the system geometry, 4 =y sin 6. Using this expression and the above
expression for pressure in Eq. 3.10a,

FR=/PdA=/(po+pgh)dA=/(po+pgysin9)dA

A A A

FR=po/dA+pgsin@/ydA=p0A+pgsin6’/ydA
A A A

The integral is the first moment of the surface area about the x axis, which may be written

[ yda=ya
A

where y, is the y coordinate of the centroid of the area, A. Thus,
Fr=poA +pg sin 0 y.A = (py +pghc)A

or

FR=pcA (310b)
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where p, is the absolute pressure in the liquid at the location of the centroid of area A. Equation 3.10b
computes the resultant force due to the liquid—including the effect of the ambient pressure pp—on one
side of a submerged plane surface. It does not take into account whatever pressure or force distribution
may be on the other side of the surface. However, if we have the same pressure, pg, on this side as we do
at the free surface of the liquid, as shown in Fig. 3.6, its effect on F cancels out, and if we wish to obtain
the net force on the surface we can use Eq. 3.10b with p. expressed as a gage rather than absolute
pressure.

Liquid surface
v/ O Ambient pressure, pg

Liquid,
density = p

Edge view

y

Fig. 3.6 Pressure distribution on plane submerged surface.

In computing Fg we can use either the integral of Eq. 3.10a or the resulting Eq. 3.10b. It is important
to note that even though the force can be computed using the pressure at the center of the plate, this is not
the point through which the force acts!

Our next task is to determine (x’,y"), the location of the resultant force. Let’s first obtain y’ by recog-
nizing that the moment of the resultant force about the x axis must be equal to the moment due to the
distributed pressure force. Taking the sum (i.e., integral) of the moments of the infinitesimal forces
dF about the x axis we obtain

y’FR:/ypdA (3.11a)
A

We can integrate by expressing p as a function of y as before:

Y Fr= / ypdA= / y(po+pgh)dA = / (poy +pgy” sin 6)dA
A A A

:po/ydA+pgsin¢9/y2dA
A A

The first integral is our familiar y.A. The second integral, f n yZdA, is the second moment of area about the
x axis, I,. We can use the parallel axis theorem, I, = I;; +Ay%, to replace I, with the standard second
moment of area, about the centroidal x axis. Using all of these, we find
Y'Fr=poycA+pg sin0(Is +Ay7) = ye(po + pgye sin 0)A + pg sin 0 I;
=Ye(po+pghc)A + pg sin Ol =y Fr + pg sin Ol
Finally, we obtain for y':

, +pg sin 0 I

=Yec 3.11b
Y=y Fr ( )

Equation 3.11b is convenient for computing the location y’ of the force on the submerged side of the
surface when we include the ambient pressure py. If we have the same ambient pressure acting on
the other side of the surface we can use Eq. 3.10b with py neglected to compute the net force,

Fr=Dpey,. A=pghc A=pgy. sinf A

and Eq. 3.11b becomes for this case
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L
Y =Y. * (3.11c)

Equation 3.11a is the integral equation for computing the location y’ of the resultant force; Eq. 3.11bis a
useful algebraic form for computing y’ when we are interested in the resultant force on the submerged
side of the surface; Eq. 3.11c is for computing y when we are interested in the net force for the case when
the same pg acts at the free surface and on the other side of the submerged surface. For problems that have
a pressure on the other side that is not py, we can either analyze each side of the surface separately or
reduce the two pressure distributions to one net pressure distribution, in effect creating a system to be
solved using Eq. 3.10b with p. expressed as a gage pressure.

Note that in any event, y' > y.—the location of the force is always below the level of the plate cen-
troid. This makes sense—as Fig. 3.6 shows, the pressures will always be larger on the lower regions,
moving the resultant force down the plate.

A similar analysis can be done to compute x’, the x location of the force on the plate. Taking the sum
of the moments of the infinitesimal forces dF about the y axis we obtain

x'FR=/xpdA (3.12a)
A
We can express p as a function of y as before:
XFr= /xp dA= /x(po +pgh)dA = / (pox + pgxy sin 0)dA
A A A

=p0/di+pgsin9/xydA
A A

The first integral is x,A (where x, is the distance of the centroid from y axis). The second integral is
[, xy dA=1I,,. Using the parallel axis theorem, I,, = Ity + Ax, yc, we find

X' Fgr=poxcA+ pg sin 0Ly + Ax.y.) = xc(po + pgye sin 0)A + pg sin 0 Ly
=x.(po + pghc)A+pg sin 0 Ly =x.Fg + pg sin 0 Ly
Finally, we obtain for x’:

, ‘+pgsin01)gy

i =5 o (3.12b)

Equation 3.12b is convenient for computing X’ when we include the ambient pressure py. If we have
ambient pressure also acting on the other side of the surface we can again use Eq. 3.10b with p( neglected
to compute the net force and Eq. 3.12b becomes for this case

e
Ay.

X =x.+ (3.12¢)

Equation 3.12ais the integral equation for computing the location X’ of the resultant force; Eq. 3.12b can
be used for computations when we are interested in the force on the submerged side only; Eq. 3.12c is
useful when we have py on the other side of the surface and we are interested in the net force.

In summary, Eqs. 3.10a through 3.12a constitute a complete set of equations for computing the mag-
nitude and location of the force due to hydrostatic pressure on any submerged plane surface. The direc-
tion of the force will always be perpendicular to the plane.

We can now consider several examples using these equations. In Example 3.5 we use both the inte-
gral and algebraic sets of equations, and in Example 3.6 we use only the algebraic set.
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Example 3.5 RESULTANT FORCE ON INCLINED PLANE SUBMERGED SURFACE

The inclined surface shown, hinged along edge A, is 5 m wide. Determine the resultant force, Fg, of the water and the air on the

inclined surface.

Given: Rectangular gate, hinged along A, w=5 m.
Find: Resultant force, Fg, of the water and the air on the gate.

Solution: In order to completely determine Fg, we need to find (a) the magnitude and (b)
the line of action of the force (the direction of the force is perpendicular to the surface). We
will solve this problem by using (i) direct integration and (ii) the algebraic equations.

Direct Integration

Governing equations:

p=po+pgh FR=/pdA r//FR=/'7pdA X’FR=/XPdA
A A A

Because atmospheric pressure pg acts on both
sides of the plate its effect cancels, and we
can work in gage pressures (p=pgh). In
addition, while we could integrate using the
y variable, it will be more convenient here
to define a variable 7, as shown in the figure.

Using 7 to obtain expressions for ~ and
dA, then

h=D+nsin30° and dA=wdp

Applying these to the governing equation for
the resultant force,

Net hydrostatic pressure distribution on gate.

L
FRz/pdAz/ pg(D+nsin30°)wdn
A 0

’72 L 72
=pgw {D n+ ) sin 30“} =pgw [DL + 5 sin 30°
0

m
S

K
=999-5 x9.812 X 5m [2m><4m+
m

Fr=588kN

X
2 2

16m?* 1] N-s?
kg-m
Fg

For the location of the force we compute 7’ (the distance from the top edge of the plate),

Then

_1
FrJa

_pgw

= —— + —sin 30°
Fr si

2 3

kg m Sm

L
Dp* ]
0

n'Fr= / np dA
A

1 L L
7 npdA:—/ npw dﬂZ@/ (D + 7 sin 30°)dn
Fr Jo Fr Jo

—— |——+ = sin30°

_pgw DL* I3
=

2 3

=999 x9.8— x
m

s27 5.88%x10° N

D

2 "3 *2kgm
/ 2m y

[2m><16m2 64 m? I}N-s2

n=222m and y =

sin30° 1~ sin30

= _+222m=6.22m
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Also, from consideration of moments about the y axis through edge A,
1
X=— [ xpdA
FrJ4

In calculating the moment of the distributed force (right side), recall, from your earlier courses in statics, that the centroid of the
area element must be used for x. Since the area element is of constant width, then x=w/2, and

1 [w w w
'=— [ ZpdA=— [ pdA===25 o
* FR/AZP Tl A
Algebraic Equations

In using the algebraic equations we need to take care in selecting the appropriate set. In this problem we have py = pam on both
sides of the plate, so Eq. 3.10b with p. as a gage pressure is used for the net force:

L
Fr=p.A=pghiA=pg <D + 5 sin 30°>Lw
L2
Fr=pgw {DL aF 5 sin 30°]

This is the same expression as was obtained by direct integration.
The y coordinate of the center of pressure is given by Eq. 3.11c:

165
y/=)’c+A—yc (3.11c)

For the inclined rectangular gate

D L 2m 4m

yc:sin30°+§=sin30°+7=6m
A=Lw=4mx5m=20m?
1o 1 3_ 2
IM—EWL —EXSmx(4m) =26.7m
=y, + = =6m+26.7m* x ! XL—622m y
Y=Y e ' 20m " 6m2

The x coordinate of the center of pressure is given by Eq. 3.12c:

X =x.+ Ly
< Ay, This problem shows:
- Use of integral and algebraic equations.
For the rectangular gate Iy =0 and X' =x,=2.5m. - Use of the algebraic equations for

computing the net force.

Example 3.6 FORCE ON VERTICAL PLANE SUBMERGED SURFACE WITH
NONZERO GAGE PRESSURE AT FREE SURFACE

The door shown in the side of the tank is hinged along its bottom edge. A pressure of 100 psfg is applied to the liquid free surface.
Find the force, F;, required to keep the door closed.

Given: Door as shown in the figure.

Find: Force required to keep door shut.
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Po * Patm  Patm po (gage)

T
po = 100 Ib/ft? (gage) F, F; >
0 100 Ibf/ft? (gage) I

il ||

I
1
-~
I
1

SN - s
|
: Liquid, 7= 100 Ibf/ft3
Po+Patm+ 78L | A A, pol(gage) +pgl| A A

Hinge

Free-body diagrams of door

Solution: This problem requires a free-body diagram (FBD) of the door. The pressure distributions
on the inside and outside of the door will lead to a net force (and its location) that will be included in the
FBD. We need to be careful in choosing the equations for computing the resultant force and its loca- ¥y
tion. We can either use absolute pressures (as on the left FBD) and compute two forces (one on each
side) or gage pressures and compute one force (as on the right FBD). For simplicity we will use gage Fr
pressures. The right-hand FBD makes clear we should use Eqgs. 3.2 and 3.11b, which were derived for A A
problems in which we wish to include the effects of an ambient pressure (py), or in other words, for )
problems when we have a nonzero gage pressure at the free surface. The components of force due to A,y

the hinge are A, and A,. The force F; can be found by taking moments about A (the hinge). Force free-body diagram

Governing equations:
Fr=pA Y=yc+ pg oin 0L > My=0
The resultant force and its location are
Fr= (po +pgh.)A <P0+7 >bL (1)

and

, pgsin90°l;og_L+ ybL3/12 _§+ yL? /12 @)

Y=Yet—p— =3 2 L
P0+Y bL potry

/
Y My=F.L-Fr(L-y)=0 or F,=Fg <1—yL>

Taking moments about point A

Using Egs. 1 and 2 in this equation we find

1 yI*/12

F,=<po+y )bL -5 -~
P0+}’§

2 12 2 6

— 100 f x2ftx3ftx;+100 Iof 2 ftx 92 xé 3)

L\ bL  bL? bL  ybL?
F,=<p0+y2>+ L il

F; =600 Ibf Fi




66  Chapter 3 Fluid Statics

We could have solved this problem by considering the two separate pressure distributions on each side of the door, leading to
two resultant forces and their locations. Summing moments about point A with these forces would also have yielded the same
value for F,. Note also that Eq. 3 could have been obtained directly (without sep-

arately finding F and y’) by using a direct integration approach: This problem shows:
+ Use of algebraic equations for nonzero

gage pressure at the liquid free surface.

ZMA = F,L—/ ypdA=0 - Use of the moment equation from statics
A for computing the required applied
force.

Hydrostatic Force on a Curved Submerged Surface

For curved surfaces, we will once again derive expressions for the resultant force by integrating the pres-
sure distribution over the surface. However, unlike for the plane surface, we have a more complicated
problem—the pressure force is normal to the surface at each point, but now the infinitesimal area ele-
ments point in varying directions because of the surface curvature. This means that instead of integrating
over an element dA we need to integrate over vector element d A. This will initially lead to a more com-
plicated analysis, but we will see that a simple solution technique will be developed. .

Consider the curved surface shown in Fig. 3.7. The pressure force acting on the element of area, d A,
is given by

dF = —pdA

where the minus sign indicates that the force acts on the area, in the direction opposite to the area normal.
The resultant force is given by

Fr= —/pd/K (3.13)
A
We can write
I;R =l?FRX +j?FR}_ +/€FRZ
where Fy, Fry, and Fg, are the components of F & in the positive x, y, and z directions, respectively.

To evaluate the component of the force in a given direction, we take the dot product of the force with
the unit vector in the given direction. For example, taking the dot product of each side of Eq. 3.13 with

unit vector i gives
FRX:ﬁR-fz/dﬁ-i:—/pdﬁ-iz—/ pdA,
A A

X

where dA, is the projection of dAona plane perpendicular to the x axis (see Fig. 3.7), and the minus sign
indicates that the x component of the resultant force is in the negative x direction.

=2

X

Fig. 3.7 Curved submerged surface.
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Since, in any problem, the direction of the force component can be determined by inspection, the use
of vectors is not necessary. In general, the magnitude of the component of the resultant force in the [
direction is given by

Fr, = / pdA; (3.14)
Ay

where dA is the projection of the area element dA on a plane perpendicular to the / direction. The line of
action of each component of the resultant force is found by recognizing that the moment of the resultant
force component about a given axis must be equal to the moment of the corresponding distributed force
component about the same axis.

Equation 3.14 can be used for the horizontal forces Fg,_and Fg . We have the interesting result that
the horizontal force and its location are the same as for an imaginary vertical plane surface of the same
projected area. This is illustrated in Fig. 3.8, where we have called the horizontal force F.

Figure 3.8 also illustrates how we can compute the vertical component of force: With atmospheric
pressure at the free surface and on the other side of the curved surface the net vertical force will be equal
to the weight of fluid directly above the surface. This can be seen by applying Eq. 3.14 to determine the
magnitude of the vertical component of the resultant force, obtaining

FRz:FV:/pdAz

Since p =pgh,

Fv=/pghdAz=/png

where pgh dA, = pg d¥ is the weight of a differential cylinder of liquid above the element of surface area,
dA., extending a distance & from the curved surface to the free surface. The vertical component of the
resultant force is obtained by integrating over the entire submerged surface. Thus

Fy= / pghdA, = Lpg dv =pg¥
A;

In summary, for a curved surface we can use two simple formulas for computing the horizontal and
vertical force components due to the fluid only (no ambient pressure),

Fy=pA and Fy=pg¥ (3.15)

where p. and A are the pressure at the center and the area, respectively, of a vertical plane surface of the
same projected area, and ¥ is the volume of fluid above the curved surface.

It can be shown that the line of action of the vertical force component passes through the center of
gravity of the volume of liquid directly above the curved surface as shown in Example 3.7.

We have shown that the resultant hydrostatic force on a curved submerged surface is specified in
terms of its components. We recall from our study of statics that the resultant of any force system can be
represented by a force-couple system, i.e., the resultant force applied at a point and a couple about that
point. If the force and the couple vectors are orthogonal (as is the case for a two-dimensional curved
surface), the resultant can be represented as a pure force with a unique line of action. Otherwise the
resultant may be represented as a “wrench,” also having a unique line of action.

Liquid volume
/_Aﬁ

Fy

|
|
|
|
|
| Fy=pg¥
|

|

Fy

Curved surface

Fig. 3.8 Forces on curved submerged surface.
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Example 3.7 FORCE COMPONENTS ON A CURVED SUBMERGED SURFACE

The gate shown is hinged at O and has constant width, w =5 m. The equation of the surface is x = y* /a, where @ =4 m. The depth
of water to the right of the gate is D =4 m. Find the magnitude of the force, F,, applied as shown, required to maintain the gate in
equilibrium if the weight of the gate is neglected.

Given: Gate of constant width, w=5m. y
Equation of surface in xy plane is x=y?/a, where a =4 m. F,
Water stands at depth D =4 m to the right of the gate. [=5m 1
Force F, is applied as shown, and weight of gate is to be neglected. (Note that for v
simplicity we do not show the reactions at O.) B
Find: Force F, required to maintain the gate in equilibrium. 2 beam
X= — =
a
y S l=5m— y
Fal : F(t X
0
-« F -
FVH Fy Fy
o0 X X %_{ X' }e X
(a) System FBD (b) Null fluid forces (c) Fluid forces

Solution: We will take moments about point O after finding the magnitudes and locations of the horizontal and vertical forces
due to the water. The free body diagram (FBD) of the system is shown above in part (a). Before proceeding we need to think about
how we compute Fy, the vertical component of the fluid force—we have stated that it is equal (in magnitude and location) to
the weight of fluid directly above the curved surface. However, we have no fluid directly above the gate, even though it is clear
that the fluid does exert a vertical force! We need to do a “thought experiment” in which we imagine having a system with
water on both sides of the gate (with null effect), minus a system with water directly above the gate (which generates fluid
forces). This logic is demonstrated above: the system FBD(a) = the null FBD(b) —the fluid forces FBD(c). Thus the vertical
and horizontal fluid forces on the system, FBD(a), are equal and opposite to those on FBD(c). In summary, the magnitude
and location of the vertical fluid force Fy are given by the weight and location of the centroid of the fluid “above” the gate;
the magnitude and location of the horizontal fluid force Fj are given by the magnitude and location of the force on an equivalent
vertical flat plate.

Governing equations:
Lo:
Fyu=pcA Y =y.+ Aﬁ Fy=pg¥ x =water center of gravity
Ye
For Fy, the centroid, area, and second moment of the equivalent vertical flat plate are, respectively, y. =h,=D/2,A = Dw,
and I =wD?3/12.

Fy=pA=pghA

D D? kg m_ (4m?) N-s?
pg5Dw=pg—-w 999m3X9 2 X X mxkg~m (1)
Fp =392 kN
and

yl:yc—i'ﬁ
Ay,

D wD’/12 D D
wDD/2 2 6

2
2 2
y=3D=3x4m=267m (2)
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For Fy, we need to compute the weight of water “above” the gate. To do this we define a differential column of volume
(D—y)w dx and integrate

D2/ D2/a
Fv=pg’v‘=pg/ (D—y)wdx=ng/ (D—+/ax'/?)dx
0 0

3/a
2 —ap P D> 2 D3| pgwD?
= o | x5 Ve o e T3VRR|T 3
Kk 4°m> 1 N-s?
Fr=999 X8 w081 Mysmx DM 1 NS 61kn 3)
m? s? 3 4m’° kg-m

The location x’ of this force is given by the location of the center of gravity of the water “above” the gate. We recall from statics
that this can be obtained by using the notion that the moment of F and the moment of the sum of the differential weights about
the y axis must be equal, so

D/ D/
x’Fv=pg/ x(D—y)wdx=ng/ (D—+/ax*?)dx
0 0

2/a
D, 2 P D 2, D wD’
IF = Y22 @5 = 2 gl | _rev
XFy pgw[zx2 5\/5x ]0 pgw[za2 5 aa5/2] 1002

_pgwD’> 3D* 3 (4)* m?

= 102F, 10a 10" 4m

=12m (4)

Now that we have determined the fluid forces, we can finally take moments about O (taking care to use the appropriate signs),
using the results of Egs. 1 through 4

ZMO =—IF,+XFy+(D—y)Fy=0 This problem shows:
+ Use of vertical flat plate equations for the
1 . ) : -
F,=-[Fy+(D—Y)Fy] horizontal force, and fluid weight equa
l tions for the vertical force, on a curved
1 surface.
=5m [1.2mX261 KN+ (4-2.67)m X 392 kN] + The use of “thought experiments” to

convert a problem with fluid below a
curved surface into an equivalent prob-
lem with fluid above.

F,=167 kN Fa

3.5 Buoyancy and Stability

If an object is immersed in a liquid, or floating on its surface, the net vertical force acting on it due to
liquid pressure is termed buoyancy. Consider an object totally immersed in static liquid, as shown
in Fig. 3.9.

The vertical force on the body due to hydrostatic pressure may be found most easily by considering
cylindrical volume elements similar to the one shown in Fig. 3.9.

Po

v

1 I

dA hy
_ e
h
Z ¥ Liquid,
dv density = p

Fig. 3.9 Immersed body in static liquid.
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We recall that we can use Eq. 3.7 for computing the pressure p at depth 4 in a liquid,

P=po+pgh

The net vertical pressure force on the element is then
dF. = (po + pgha)dA—(po + pghi)dA = pg(hy —hy )dA

But (hy —hy)dA = d¥, the volume of the element. Thus

Fz=/sz=Lpgd’v‘=pg’v‘

where ¥ is the volume of the object. Hence we conclude that for a submerged body the buoyancy force
of the fluid is equal to the weight of displaced fluid,

Fbuoyancy =pgV¥ (316)

This relation reportedly was used by Archimedes in 220 B.c. to determine the gold content in the
crown of King Hiero II. Consequently, it is often called “Archimedes’ Principle.” In more current tech-
nical applications, Eq. 3.16 is used to design displacement vessels, flotation gear, and submersibles [1].

The submerged object need not be solid. Hydrogen bubbles, used to visualize streaklines and time-
lines in water (see Section 2.2), are positively buoyant; they rise slowly as they are swept along by the
flow. Conversely, water droplets in oil are negatively buoyant and tend to sink.

Airships and balloons are termed “lighter-than-air” craft. The density of an ideal gas is proportional to
molecular weight, so hydrogen and helium are less dense than air at the same temperature and pressure.
Hydrogen (M,, =2) is less dense than helium (M,, =4), but extremely flammable, whereas helium is
inert. Hydrogen has not been used commercially since the disastrous explosion of the German passenger
airship Hindenburg in 1937. The use of buoyancy force to generate lift is illustrated in Example 3.8.

Example 3.8 BUOYANCY FORCE IN A HOT AIR BALLOON

A hot air balloon (approximated as a sphere of diameter 50 ft) is to lift a basket load of 600 Ibf. To what temperature must the air

be heated in order to achieve liftoff?

Given: Atmosphere at STP, diameter of balloon d = 50 ft, and load Wj,,; =600 Ibf.
Find: The hot air temperature to attain liftoff.

Solution: Apply the buoyancy equation to determine the lift generated by atmosphere, and apply
the vertical force equilibrium equation to obtain the hot air density. Then use the ideal gas equation
to obtain the hot air temperature.

Governing equations:
Fouoyancy =P8V ) Fy=0 p=pRT
Assumptions:

1 Ideal gas.

2 Atmospheric pressure throughout.

Summing vertical forces

ZFy = Fbuoyancy — Whotair = Wioad = Pam&Y — Phot air &V — Wicad =0

Rearranging and solving for pp,q ;- (using data from Appendix A),

Air at STP
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— _ Wload — _ 6Wload
Phot air = Patm g“’L Patm P d3g
slug 600 Ibf s? slug - ft
=0.00238—= -6 X% X X
ft> 7(50)° 8 322ft " $2-Ibf
slug slug

Photan = (0-00238 ~0.000285) = =0.00209-

e

Finally, to obtain the temperature of this hot air, we can use the ideal gas equation
in the following form

Phot air _ Patm Notes:
PhotairRThotair  PatmBTatm « Absolute pressures and temperatures are
and with ppogair = Pam always used in the ideal gas equation.
+ This problem demonstrates that for
Thotair = Tatm Pam_ _ (460 +59)°R x 0.00238 =591°R lighter-than-air vehicles the buoyancy
Phot air 0.00209 force exceeds the vehicle weight—that is,

Thot air the weight of fluid (air) displaced exceeds

Thotair = 131°F the vehicle weight.

Equation 3.16 predicts the net vertical pressure force on a body that is totally submerged in a single
liquid. In cases of partial immersion, a floating body displaces its own weight of the liquid in which
it floats.

The line of action of the buoyancy force, which may be found using the methods of Section 3.4, acts
through the centroid of the displaced volume. Since floating bodies are in equilibrium under body and buoy-
ancy forces, the location of the line of action of the buoyancy force determines stability, as shown in Fig. 3.10.

CG

ﬁ buoyancy
F, gravity
CcG <
F, gravity F buoyancy
(a) Stable (b) Unstable

Fig. 3.10 Stability of floating bodies.

The weight of an object acts through its center of gravity, CG. In Fig. 3.10a, the lines of action of the
buoyancy and the weight are offset in such a way as to produce a couple that tends to right the craft. In
Fig. 3.10b, the couple tends to capsize the craft.

Ballast may be needed to achieve roll stability. Wooden warships carried stone ballast low in the hull
to offset the weight of the heavy cannon on upper gun decks. Modern ships can have stability problems as
well: overloaded ferry boats have capsized when passengers all gathered on one side of the upper deck,
shifting the CG laterally. In stacking containers high on the deck of a container ship, care is needed to avoid
raising the center of gravity to a level that may result in the unstable condition depicted in Fig. 3.10b.

For a vessel with a relatively flat bottom, as shown in Fig. 3.10a, the restoring moment increases as
roll angle becomes larger. At some angle, typically that at which the edge of the deck goes below water
level, the restoring moment peaks and starts to decrease. The moment may become zero at some large
roll angle, known as the angle of vanishing stability. The vessel may capsize if the roll exceeds this angle;
then, if still intact, the vessel may find a new equilibrium state upside down.

The actual shape of the restoring moment curve depends on hull shape. A broad beam gives a large
lateral shift in the line of action of the buoyancy force and thus a high restoring moment. High freeboard
above the water line increases the angle at which the moment curve peaks, but may make the moment
drop rapidly above this angle.
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Sailing vessels are subjected to large lateral forces as wind engages the sails (a boat under sail in a
brisk wind typically operates at a considerable roll angle). The lateral wind force must be counteracted by
a heavily weighted keel extended below the hull bottom. In small sailboats, crew members may lean far
over the side to add additional restoring moment to prevent capsizing [2].

Within broad limits, the buoyancy of a surface vessel is adjusted automatically as the vessel rides
higher or lower in the water. However, craft that operate fully submerged must actively adjust buoyancy
and gravity forces to remain neutrally buoyant. For submarines this is accomplished using tanks which
are flooded to reduce excess buoyancy or blown out with compressed air to increase buoyancy [1]. Air-
ships may vent gas to descend or drop ballast to rise. Buoyancy of a hot-air balloon is controlled by
varying the air temperature within the balloon envelope.

For deep ocean dives use of compressed air becomes impractical because of the high pressures (the
Pacific Ocean is over 10 km deep; seawater pressure at this depth is greater than 1000 atmospheres!).
A liquid such as gasoline, which is buoyant in seawater, may be used to provide buoyancy. However,
because gasoline is more compressible than water, its buoyancy decreases as the dive gets deeper.
Therefore it is necessary to carry and drop ballast to achieve positive buoyancy for the return trip
to the surface.

The most structurally efficient hull shape for airships and submarines has a circular cross-section.
The buoyancy force passes through the center of the circle. Therefore, for roll stability the CG must be
located below the hull centerline. Thus the crew compartment of an airship is placed beneath the hull
to lower the CG.

3.6 Fluids in Rigid-Body Motion (on the Web)

3.7 Summary and Useful Equations

In this chapter we have reviewed the basic concepts of fluid statics. This included:

v Deriving the basic equation of fluid statics in vector form.
v Applying this equation to compute the pressure variation in a static fluid:
+ Incompressible liquids: pressure increases uniformly with depth.
+ Gases: pressure decreases nonuniformly with elevation (dependent on other thermody-
namic properties).
v/ Study of:
+ Gage and absolute pressure.
+ Use of manometers and barometers.
v Analysis of the fluid force magnitude and location on submerged:
+ Plane surfaces.
+ Curved surfaces.
v Derivation and use of Archimedes’ Principle of Buoyancy.
v/ Analysis of rigid-body fluid motion (on the web).

Note: Most of the equations in the table below have a number of constraints or limitations—be sure
to refer to their page numbers for details!

Useful Equations

Hydrostatic pressure variation: dp _ (3.6) Page 50
o P8=ETTY
Z
Hydrostatic pressure variation (incompressible p—po=Ap=pgh (3.7 Page 52
fluid):




Table (Continued)

Hydrostatic pressure variation (several Ap=gY pihi (3.8) Page 55

incompressible fluids):

Hydrostatic force on submerged plane (integral (3.10a) Page 60
F R= P dA

form): A

Hydrostatic force on submerged plane: Fr=p:A (3.10b) Page 60

- .

Locatlc?n y of }}ydrostatlc force on submerged VFr= [ ypda (3.11a) Page 61

plane (integral): N

Location y’ of hydrostatic force on submerged ey 4 pgsin O Iy; (3.11b) Page 61

plane (algebraic): Y= Fr

Location y’ of hydrostatic force on submerged Iy g (3.11¢) Page 62

plane (po neglected): YEYeT A,

. .

Locatlc?n x" of hydrostatic force on submerged YFa= [ xpdA (3.12a) Page 62

plane (integral): A

Location x’ of hydrostatic force on submerged et pgsinf Iy (3.12b) Page 62

plane (algebraic): e Fr

Location x’ of hydrostatic force on submerged , I (3.12¢) Page 62
X =Xx.+

plane (py neglected): Ay,

Horizontal and vertical hydrostatic forces on Fg=pA (3.15) Page 67

curved submerged surface: and Fy =pgV¥

Buoyancy force on submerged object: Fouoyancy = pg¥ (3.16) Page 70

Problems
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We have now concluded our introduction to the fundamental concepts of fluid mechanics, and the
basic concepts of fluid statics. In the next chapter we will begin our study of fluids in motion.

1. Burcher, R., and L. Rydill, Concepts in Submarine Design.
Cambridge, UK: Cambridge University Press, 1994.

Standard Atmosphere

3.1 Because the pressure falls, water boils at a lower temperature
with increasing altitude. Consequently, cake mixes and boiled eggs,
among other foods, must be cooked different lengths of time. Deter-
mine the boiling temperature of water at 1000 and 2000 m elevation
on a standard day, and compare with the sea-level value.

3.2 Ear “popping” is an unpleasant phenomenon sometimes experi-
enced when a change in pressure occurs, for example in a fast-
moving elevator or in an airplane. If you are in a two-seater airplane
at 3000 m and a descent of 100 m causes your ears to “pop,” what
is the pressure change that your ears “pop” at, in millimeters of
mercury? If the airplane now rises to 8000 m and again begins

2. Marchaj, C. A., Aero-Hydrodynamics of Sailing, rev. ed.
Camden, ME: International Marine Publishing, 1988.

descending, how far will the airplane descend before your ears
“pop” again? Assume a U.S. Standard Atmosphere.

3.3 When you are on a mountain face and boil water, you notice that
the water temperature is 195°F. What is your approximate altitude?
The next day, you are at a location where it boils at 185°F. How high
did you climb between the two days? Assume a U.S. Standard
Atmosphere.

3.4 Your pressure gauge indicates that the pressure in your cold tires
is 0.25 MPa gage on a mountain at an elevation of 3500 m. What is
the absolute pressure? After you drive down to sea level, your tires
have warmed to 25°C. What pressure does your gauge now indicate?
Assume a U.S. Standard Atmosphere.
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Pressure Variation in a Static Fluid

3.5 A 125-mL cube of solid oak is held submerged by a tether as
shown. Calculate the actual force of the water on the bottom surface
of the cube and the tension in the tether.

Patm

P3.5

d=10mm—-| |—

Diameter, D = 50 mm F |
1 H =200 mm
h=25mm |

P3.6

3.6 The tube shown is filled with mercury at 20°C. Calculate the
force applied to the piston.

3.7 Calculate the absolute and gage pressure in an open tank of crude
oil 2.4 m below the liquid surface. If the tank is closed and pressurized
to 130 kPa, what are the absolute and gage pressures at this location?

3.8 An open vessel contains carbon tetrachloride to a depth of 6 ft
and water on the carbon tetrachloride to a depth of 5 ft. What is
the pressure at the bottom of the vessel?

3.9 A hollow metal cube with sides 100 mm floats at the interface
between a layer of water and a layer of SAE 10W oil such that 10% of
the cube is exposed to the oil. What is the pressure difference
between the upper and lower horizontal surfaces? What is the average
density of the cube?

3.10 Compressed nitrogen (140 Ibm) is stored in a spherical tank of
diameter D=2.5ft at a temperature of 77°F. What is the pressure
inside the tank? If the maximum allowable stress in the tank is
30 ksi, find the minimum theoretical wall thickness of the tank.

3.11 If at the surface of a liquid the specific weight is y,,, with z and p
both zero, show that, if £ = constant, the specific weight and pressure
are given by

Vo<
y=—7— and p= —Eln(l +—>
(z+E/y,) E
Calculate specific weight and pressure at a depth of 2 km assuming

7, =10.0kN/m? and E =2070 MPa.

3.12 In the deep ocean the compressibility of seawater is significant
in its effect on p and p. If E=2.07x 10° Pa, find the percentage
change in the density and pressure at a depth of 10,000 metres as
compared to the values obtained at the same depth under the incom-
pressible assumption. Let p, =1020kg/m? and the absolute pres-
sure p, =101.3 kPa

3.13 Assuming the bulk modulus is constant for seawater, derive an
expression for the density variation with depth, /4, below the surface.
Show that the result may be written

p = py+bh
where p, is the density at the surface. Evaluate the constant b. Then,
using the approximation, obtain an equation for the variation of pressure

with depth below the surface. Determine the depth in feet at which the
error in pressure predicted by the approximate solution is 0.01 percent.

3.14 Aninverted cylindrical container is lowered slowly beneath the
surface of a pool of water. Air trapped in the container is compressed
isothermally as the hydrostatic pressure increases. Develop an expres-
sion for the water height, y, inside the container in terms of the con-
tainer height, H, and depth of submersion, /. Plot y/H versus h/H.

3.15 A water tank filled with water to a depth of 16 ft has an inspection
cover (1in.x 1in.) at its base, held in place by a plastic bracket. The
bracket can hold a load of 9 Ibf. Is the bracket strong enough? If it is,
what would the water depth have to be to cause the bracket to break?

3.16 A partitioned tank as shown contains water and mercury. What
is the gage pressure in the air trapped in the left chamber? What pres-
sure would the air on the left need to be pumped to in order to bring
the water and mercury free surfaces level?

0.75 m — <—3.75 m —>
Water. 3m
1m b Y
29m Mercury 3m
P3.16

3.17 Consider the two-fluid manometer shown. Calculate the
applied pressure difference.

P1 P2
+ +
‘/—Water\x
| =
10.2 mm Carbon
l tetrachloride
-
P3.17

3.18 The manometer shown contains water and kerosene. With both
tubes open to the atmosphere, the free-surface elevations differ by
Hy=20.0 mm. Determine the elevation difference when a pressure
of 98.0 Pa gage is applied to the right tube.

HO =
20 mm

l

A —L

Kerosene ~ 1

|, — Water

N/
P3.18

3.19 Determine the gage pressure in kPa at point a, if liquid A has
SG =1.20 and liquid B has SG =0.75. The liquid surrounding point
a is water, and the tank on the left is open to the atmosphere.
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Liquid A

P3.19
3.20 With the manometer reading as shown, calculate p,.

Oil
(SG 0.85)

Mergury 60 in.

Px

P3.20

3.21 Calculate p, —p, for this inverted U-tube manometer.
_ 0il(SG 0.90)

60 in.

Py

P3.21

3.22 An inclined gauge having a tube of 3-mm bore, laid on a slope
of 1:20, and a reservoir of 25-mm-diameter contains silicon oil (SG
0.84). What distance will the oil move along the tube when a pressure
of 25-mm of water is connected to the gauge?

3.23 Water flows downward along a pipe that is inclined at 30°
below the horizontal, as shown. Pressure difference ps —pp is due
partly to gravity and partly to friction. Derive an algebraic expression
for the pressure difference. Evaluate the pressure difference if L =5 ft
and A=61n.

Problems 75

3.24 A reservoir manometer has vertical tubes of diameter
D=18mm and d =6 mm. The manometer liquid is Meriam red
oil. Develop an algebraic expression for liquid deflection L in the
small tube when gage pressure Ap is applied to the reservoir. Evaluate
the liquid deflection when the applied pressure is equivalent to
25 mm of water gage.

3.25 A rectangular tank, open to the atmosphere, is filled with water
to a depth of 2.5 m as shown. A U-tube manometer is connected to
the tank at a location 0.7 m above the tank bottom. If the zero level of
the Meriam blue manometer fluid is 0.2 m below the connection,
determine the deflection / after the manometer is connected and all
air has been removed from the connecting leg.

Y
Zero
level
3m
2.5m
0.7m '
P3.25

3.26 The sketch shows a sectional view through a submarine. Cal-
culate the depth of submergence, y. Assume the specific weight of
seawater is 10.0 kN/m>.

Atmos. pressure 74 mm Hg

I

60"

Conventional
barometer™~

T200 mmT

840mmH
w "

200 mm 5

P3.26

3.27 The manometer reading is 6 in. when the funnel is empty (water
surface at A). Calculate the manometer reading when the funnel is
filled with water.
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3.28 A reservoir manometer is calibrated for use with a liquid of spe-
cific gravity 0.827. The reservoir diameter is 5/8 in. and the vertical
tube diameter is 3/16in. Calculate the required distance between
marks on the vertical scale for 1 in. of water pressure difference.

3.29 The inclined-tube manometer shown has D=96 mm and
d =8 mm. Determine the angle, 6, required to provide a 5:1 increase
in liquid deflection, L, compared with the total deflection in a regular
U-tube manometer. Evaluate the sensitivity of this inclined-tube
manometer.

|| -\
L/\
)
}

0

P3.29, P3.30

3.30 The inclined-tube manometer shown has D =76 mm and
d =8 mm, and is filled with Meriam red oil. Compute the angle, 0,
that will give a 15-cm oil deflection along the inclined tube for an
applied pressure of 25 mm of water gage. Determine the sensitivity
of this manometer.

3.31 A barometer accidentally contains 6.5 inches of water on top of
the mercury column (so there is also water vapor instead of a vacuum
at the top of the barometer). On a day when the temperature is 70°F,
the mercury column height is 28.35 inches (corrected for thermal
expansion). Determine the barometric pressure in psia. If the ambient
temperature increased to 85°F and the barometric pressure did not
change, would the mercury column be longer, be shorter, or remain
the same length? Justify your answer.

3.32 A water column stands 50 mm high in a 2.5-mm diameter
glass tube. What would be the column height if the surface tension
were zero? What would be the column height in a 1.0-mm diame-
ter tube?

3.33 Consider a small-diameter open-ended tube inserted at the
interface between two immiscible fluids of different densities.
Derive an expression for the height difference Ak between the inter-
face level inside and outside the tube in terms of tube diameter D,
the two fluid densities p; and p,, and the surface tension ¢ and
angle 0 for the two fluids’ interface. If the two fluids are water
and mercury, find the height difference if the tube diameter is 40 mils
(I mil=0.001 in.).

3.34 Compare the height due to capillary action of water exposed
to air in a circular tube of diameter D =0.5 mm, and between two
infinite vertical parallel plates of gap a=0.5 mm.

3.35 Based on the atmospheric temperature data of the U.S. Standard
Atmosphere of Fig. 3.3, compute and plot the pressure variation with
altitude, and compare with the pressure data of Table A.3.

3.36 At ground level in Denver, Colorado, the atmospheric pressure
and temperature are 83.2 kPa and 25°C. Calculate the pressure on
Pike’s Peak at an elevation of 2690 m above the city assuming
(a) an incompressible and (b) an adiabatic atmosphere. Plot the ratio
of pressure to ground level pressure in Denver as a function of ele-
vation for both cases.

3.37 If atmospheric pressure at the ground is 101.3 kPa and temper-
ature is 15°C, calculate the pressure 7.62 km above the ground,
assuming (a) no density variation, (b) isothermal variation of density
with pressure, and (c) adiabatic variation of density with pressure.

3.38 If the temperature in the atmosphere is assumed to vary line-
arly with altitude so T =T, —az where T, is the sea level temperature
and a= —dT/dz is the temperature lapse rate, find p(z) when air is
taken to be a perfect gas. Give the answer in terms of p,, a, g, R and
z only.

3.39 A door 1 m wide and 1.5 m high is located in a plane vertical
wall of a water tank. The door is hinged along its upper edge, which is
1 m below the water surface. Atmospheric pressure acts on the outer
surface of the door and at the water surface. (a) Determine the mag-
nitude and line of action of the total resultant force from all fluids
acting on the door. (b) If the water surface gage pressure is raised
to 0.3 atm, what is the resultant force and where is its line of action?
(c) Plot the ratios F//Fy and y' /y. for different values of the surface
pressure ratio ps/pam. (Fo is the resultant force when p;/pam.)

3.40 A hydropneumatic elevator consists of a piston-cylinder
assembly to lift the elevator cab. Hydraulic oil, stored in an accu-
mulator tank pressurized by air, is valved to the piston as needed
to lift the elevator. When the elevator descends, oil is returned to
the accumulator. Design the least expensive accumulator that can
satisfy the system requirements. Assume the lift is 3 floors, the
maximum load is 10 passengers, and the maximum system pressure
is 800 kPa gage. For column bending strength, the piston diameter
must be at least 150 mm. The elevator cab and piston have a com-
bined mass of 3000 kg, and are to be purchased. Perform the anal-
ysis needed to define, as a function of system operating pressure,
the piston diameter, the accumulator volume and diameter, and
the wall thickness. Discuss safety features that your company
should specify for the complete elevator system. Would it be
preferable to use a completely pneumatic design or a completely
hydraulic design? Why?

Hydrostatic Force on Submerged Surfaces

3.41 Semicircular plane gate AB is hinged along B and held by hor-
izontal force F4 applied at A. The liquid to the left of the gate is water.
Calculate the force F4 required for equilibrium.

v
=

H =25 ft
FA

Gate:
side view

Ry ——

ju-

ju=

jum

jum



3.42 A circular gate 3 m in diameter has its center 2.5 m below a
water surface and lies in a plane sloping at 60°. Calculate magnitude,
direction, and location of total force on the gate.

3.43 For the situation shown, find the air pressure in the tank in psi.
Calculate the force exerted on the gate at the support B if the gate is
10 ft wide. Show a free body diagram of the gate with all the forces
drawn in and their points of application located.

- ,-Hinge

Airatp, FA
2 ft

v Y

,-Rectangular
gate

3 ft—

Water 6 ft

i

P3.43

3.44 What is the pressure at A? Draw a free body diagram of the
10-ft wide gate showing all forces and the locations of their lines
of action. Calculate the minimum force P necessary to keep the gate
closed.

Hinge \'I

Air
Av4
g AIr
6 ft »
4t
A
0il (SG = 0.90)
~
P3.44

3.45 A plane gate of uniform thickness holds back a depth of water
as shown. Find the minimum weight needed to keep the gate closed.

P3.45

3.46 A rectangular gate (width w =2 m) is hinged as shown, with a
stop on the lower edge. At what depth H will the gate tip?

Water
H 7 .
0.55m Hinge
0.45m _—Stop

P3.46
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3.47 Gates in the Poe Lock at Sault Ste. Marie, Michigan, close a
channel W =34 m wide, L=360m long, and D=10m deep. The
geometry of one pair of gates is shown; each gate is hinged at the
channel wall. When closed, the gate edges are forced together at
the center of the channel by water pressure. Evaluate the force
exerted by the water on gate A. Determine the magnitude and direc-
tion of the force components exerted by the gate on the hinge.
Neglect the weight of the gate.

Plan view: y
/Hinge
X
! ~
AN Gate A
Water > W=34m
7
/
/ ‘\150
P3.47

3.48 Calculate the minimum force P necessary to hold a uniform
12 ft square gate weighing 500 Ib closed on a tank of water under
a pressure of 10 psi. Draw a free body of the gate as part of your
solution.

Air
at
Air o p =10 psi
at =
p=0 "
R\ Hinge
N
P / Water
45°
P3.48

3.49 Calculate magnitude and location of the resultant force of
water on this annular gate.

Water

P3.49
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3.50 A vertical rectangular gate 2.4 m wide and 2.7 m high is sub-
jected to water pressure on one side, the water surface being at the
top of the gate. The gate is hinged at the bottom and is held by a hor-
izontal chain at the top. What is the tension in the chain?

L[] 3.51 A window in the shape of an isosceles triangle and hinged at

the top is placed in the vertical wall of a form that contains liquid
concrete. Determine the minimum force that must be applied at
point D to keep the window closed for the configuration of form
and concrete shown. Plot the results over the range of concrete depth
0<c<a

|<—b =0.3 m—>| /Hinge line
1
c=0.25m

|

D
P3.51

3.52 A large open tank contains water and is connected to a 6-ft-
diameter conduit as shown. A circular plug is used to seal the conduit.
Determine the magnitude, direction, and location of the force of the
water on the plug.

9 ft

Water D=6 ft

1
,\ Plug
P3.52

3.53 The circular access port in the side of a water standpipe has a
diameter of 0.6 m and is held in place by eight bolts evenly spaced
around the circumference. If the standpipe diameter is 7 m and the
center of the port is located 12 m below the free surface of the water,
determine (a) the total force on the port and (b) the appropriate bolt
diameter.

3.54 The gate AOC shown is 6 ft wide and is hinged along O.
Neglecting the weight of the gate, determine the force in bar AB.
The gate is sealed at C.

LA ],
_;—3'“
12 ft
Water L
c
TOI*Gft*
8 ft
!
P3.54

3.55 The gate shown is hinged at H. The gate is 3 m wide normal to
the plane of the diagram. Calculate the force required at A to hold the
gate closed.

Water \\/

P3.55

3.56 A solid concrete dam is to be built to hold back a depth ;

D of water. For ease of construction the walls of the dam must be
planar. Your supervisor asks you to consider the following dam
cross-sections: a rectangle, a right triangle with the hypotenuse in
contact with the water, and a right triangle with the vertical in contact
with the water. The supervisor wishes you to determine which of
these would require the least amount of concrete. What will your
report say? You decide to look at one more possibility: a nonright tri-
angle, as shown. Develop and plot an expression for the cross-section
area A as a function of a, and find the minimum cross-sectional area.

Water

P3.56

3.57 For the dam shown, what is the vertical force of the water on
the dam?

3ft
3ft
; 3 ft
Top
| ! | | | | | | |
3ft3ft, 6ft |3ft 3 131t 31,
Water
Front Side
P3.57

3.58 The parabolic gate shown is 2 m wide and pivoted at O;
¢=025m~!,D=2m, and H=23m. Determine (a) the magnitude
and line of action of the vertical force on the gate due to the water,
(b) the horizontal force applied at A required to maintain the gate in
equilibrium, and (c) the vertical force applied at A required to main-
tain the gate in equilibrium.
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3.59 An open tank is filled with water to the depth indicated. Atmos-
pheric pressure acts on all outer surfaces of the tank. Determine the
magnitude and line of action of the vertical component of the force of
the water on the curved part of the tank bottom.

NJ 10 ft
it
10 ft
\|<—12 ft—,_

P3.59

3.60 A dam is to be constructed using the cross-section shown.
Assume the dam width is w =160 ft. For water height H =9 ft, cal-
culate the magnitude and line of action of the vertical force of water
on the dam face. Is it possible for water forces to overturn this dam?
Under what circumstances will this happen?

A=1ft
B=10ft?

|<— 7 ft ——| 1.167 ft
P3.60

3.61 The quarter cylinder AB is 10 ft long. Calculate magnitude,
direction, and location of the resultant force of the water on AB.

<
Y
(3\

|
|
|
[ ——
P3.61

3.62 Calculate the magnitude, direction (horizontal and vertical
components are acceptable), and line of action of the resultant force
exerted by the water on the cylindrical gate 30 ft long.

‘

P3.62

3.63 A hemispherical shell 1.2 m in diameter is connected to
the vertical wall of a tank containing water. If the center of the
shell is 1.8 m below the water surface, what are the vertical and
horizontal force components on the shell? On the top half of
the shell?

3.64 A gate, in the shape of a quarter-cylinder, hinged at A and
sealed at B, is 3 m wide. The bottom of the gate is 4.5 m below
the water surface. Determine the force on the stop at B if the gate
is made of concrete; R=3 m.

A
A Water :
D
it
P3.64

3.65 A cylindrical weir has a diameter of 3 m and a length of 6 m.
Find the magnitude and direction of the resultant force acting on the
weir from the water.

P3.65

3.66 A curved surface is formed as a quarter of a circular cylinder
with R=0.750 m as shown. The surface is w=3.55 m wide. Water
stands to the right of the curved surface to depth H =0.650 m. Cal-
culate the vertical hydrostatic force on the curved surface. Evaluate
the line of action of this force. Find the magnitude and line of action
of the horizontal force on the surface.
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Buoyancy and Stability

3.67 If you throw an anchor out of your canoe but the rope is too
short for the anchor to rest on the bottom of the pond, will your canoe
float higher, lower, or stay the same? Prove your answer.

Bl 3.68 The cylinder shown is supported by an incompressible liquid

of density p, and is hinged along its length. The cylinder, of mass M,
length L, and radius R, is immersed in liquid to depth H. Obtain a
general expression for the cylinder specific gravity versus the ratio
of liquid depth to cylinder radius, @ =H /R, needed to hold the cyl-
inder in equilibrium for 0 <a < 1. Plot the results.

P3.68

3.69 A hydrometer is a specific gravity indicator, the value being
indicated by the level at which the free surface intersects the stem
when floating in a liquid. The 1.0 mark is the level when in distilled
water. For the unit shown, the immersed volume in distilled water is
15 cm?. The stem is 6 mm in diameter. Find the distance, /, from the
1.0 mark to the surface when the hydrometer is placed in a nitric acid
solution of specific gravity 1.5.

3.70 A cylindrical can 76 mm in diameter and 152 mm high, weigh-
ing 1.11 N, contains water to a depth of 76 mm. When this can is
placed in water, how deep will it sink?

3.71 If the 10-ft-long box is floating on the oil-water system, calcu-
late how much the box and its contents must weigh.

| 8 ft |

0Oil (SG = 0.80)

P3.71

3.72 The timber weighs 40 Ib/ft? and is held in a horizontal position
by the concrete (1501b/ft*) anchor. Calculate the minimum total
weight which the anchor may have.

6in.x6in.x 20 fi
Anchor—

P3.72

3.73 Find the specific weight of the sphere shown if its volume [ ]

is 0.025m’. State all assumptions. What is the equilibrium position
of the sphere if the weight is removed?

10 kg

+
Water
U\v= 0.025 m3

P3.73
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3.74 The fat-to-muscle ratio of a person may be determined from a
specific gravity measurement. The measurement is made by immer-
sing the body in a tank of water and measuring the net weight.
Develop an expression for the specific gravity of a person in terms
of their weight in air, net weight in water, and SG=f(T) for water.

3.75 An open tank is filled to the top with water. A steel cylindrical
container, wall thickness 6 =1 mm, outside diameter D =100 mm,
and height H =1 m, with an open top, is gently placed in the water.
What is the volume of water that overflows from the tank? How many
1 kg weights must be placed in the container to make it sink? Neglect
surface tension effects.

3.76 If the timber weighs 670 N, calculate its angle of inclination
when the water surface is 2.1 m above the pivot. Above what depth
will the timber stand vertically?

152 mm x 152 mm x 3.6 m
| % v

P3.76

3.77 The barge shown weighs 40 tons and carries a cargo of 40 tons.
Calculate its draft in freshwater.

N 50 ft
g
o
> ! %
8ft L0
a0ft |
P3.77

3.78 Quantify the experiment performed by Archimedes to identify
the material content of King Hiero’s crown. Assume you can measure
the weight of the king’s crown in air, W,, and the weight in water,



W,,. Express the specific gravity of the crown as a function of these
measured values.

3.79 Hot-air ballooning is a popular sport. According to a recent
article, “hot-air volumes must be large because air heated to 150°F
over ambient lifts only 0.018 Ibf/ft* compared to 0.066 and 0.071
for helium and hydrogen, respectively.” Check these statements
for sea-level conditions. Calculate the effect of increasing the hot-
air maximum temperature to 250°F above ambient.

3.80 It is desired to use a hot air balloon with a volume of
320,000 ft> for rides planned in summer morning hours when the
air temperature is about 48°F. The torch will warm the air inside
the balloon to a temperature of 160°F. Both inside and outside pres-
sures will be “standard” (14.7 psia). How much mass can be carried by
the balloon (basket, fuel, passengers, personal items, and the compo-
nent of the balloon itself ) if neutral buoyancy is to be assured? What
mass can be carried by the balloon to ensure vertical takeoff accelera-
tion of 2.5 ft/s?? For this, consider that both balloon and inside air
have to be accelerated, as well as some of the surrounding air (to make
way for the balloon). The rule of thumb is that the total mass subject to
acceleration is the mass of the balloon, all its appurtenances, and twice
its volume of air. Given that the volume of hot air is fixed during the
flight, what can the balloonists do when they want to go down?

3.81 The opening in the bottom of the tank is square and slightly less
than 2 ft on each side. The opening is to be plugged with a wooden
cube 2 ft on a side.

(a) What weight W should be attached to the wooden cube to insure
successful plugging of the hole? The wood weighs 40 Ib/ft>.

(b) What upward force must be exerted on the block to lift it and
allow water to drain from the tank?

P3.81

3.82 A balloon has a weight (including crew but not gas) of 2.2 kN
and a gas-bag capacity of 566 m>. At the ground it is partially inflated
with 445 N of helium. How high can this balloon rise in the U.S.
Standard Atmosphere (Appendix A) if the helium always assumes
the pressure and temperature of the atmosphere?

3.83 A helium balloon is to lift a payload to an altitude of 40 km,
where the atmospheric pressure and temperature are 3.0 mbar and
—25°C, respectively. The balloon skin is polyester with specific grav-
ity of 1.28 and thickness of 0.015 mm. To maintain a spherical shape,
the balloon is pressurized to a gage pressure of 0.45 mbar. Determine
the maximum balloon diameter if the allowable tensile stress in the
skin is limited to 62 MN/m?. What payload can be carried?
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3.84 The stem of a glass hydrometer used to measure specific grav-
ity is 5 mm in diameter. The distance between marks on the stem is
2 mm per 0.1 increment of specific gravity. Calculate the magnitude
and direction of the error introduced by surface tension if the
hydrometer floats in kerosene. (Assume the contact angle between
kerosene and glass is 0°.)

3.85 A sphere of radius R is partially immersed to depth d in | &

a liquid of specific gravity SG. Obtain an algebraic expression
for the buoyancy force acting on the sphere as a function of
submersion depth d. Plot the results over the range of water depth
0<d<2R.

3.86 A sphere of 1-in.-radius made from material of specific
gravity of SG=0.95, is submerged in a tank of water. The sphere
is placed over a hole of 0.075-in.-radius in the tank bottom. When
the sphere is released, will it stay on the bottom of the tank or float
to the surface?

([

R=1in.

LG

JL_ a=0.075 in.
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3.87 You are in the Bermuda Triangle when you see a bubble plume
eruption (a large mass of air bubbles, similar to foam) off to the side
of the boat. Do you want to head toward it and be part of the action?
What is the effective density of the water and air bubbles in the draw-
ing on the right that will cause the boat to sink? Your boat is 10 ft
long, and weight is the same in both cases.
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3.88 Three steel balls (each about half an inch in diameter) lie at the
bottom of a plastic shell floating on the water surface in a partially
filled bucket. Someone removes the steel balls from the shell and
carefully lets them fall to the bottom of the bucket, leaving the plastic
shell to float empty. What happens to the water level in the bucket?
Does it rise, go down, or remain unchanged? Explain.

3.89 A proposed ocean salvage scheme involves pumping air into
“bags” placed within and around a wrecked vessel on the sea bottom.
Comment on the practicality of this plan, supporting your conclu-
sions with analyses.
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CHAPTER 4

Basic Equations in Integral Form

for a Control Volume

4.1 Basic Laws for a System

4.2 Relation of System Derivatives to the
Control Volume Formulation

4.3 Conservation of Mass
4.4 Momentum Equation for Inertial Control Volume

4.5 Momentum Equation for Control Volume
with Rectilinear Acceleration
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Case Study

Ocean Current Power: The Vivace

The flow of water in the currents of the ocean and rivers represent
a large source of renewable power. Although ocean and river cur-
rents move slowly compared to typical wind speeds, they carry a
great deal of energy because water is about 1000 times as dense
as air, and the energy flux in a current is directly proportional to
density. Hence water moving at 10 mph exerts about the same
amountof forceasa100-mphwind. Ocean andriver currents thus
contain an enormous amount of energy that can be captured and
converted to a usable form. For example, near the surface of the
Florida Straits Current, the relatively constant extractable energy
density is about 1 kW/m? of flow area. It has been estimated that
capturing just 1/1000th of the available energy from the Gulf
Stream could supply Florida with 35 percent of its electrical needs.

Ocean current energy is at an early stage of development, and
only a small number of prototypes and demonstration units have
so far been tested. A team of young engineers at the University of
Strathclyde in Scotland recently did a survey of current develop-
ments. They found that perhaps the most obvious approach is to

4.6 Momentum Equation for Control Volume
with Arbitrary Acceleration (on the Web)

4.7 The Angular-Momentum Principle
4.8 The First and Second Laws of Thermodynamics
4.9 Summary and Useful Equations

use submerged turbines. The first figure shows a horizontal-axis
turbine (which is similar to a wind turbine) and a vertical-axis
turbine. In each case, columns, cables, or anchors are required
to keep the turbines stationary relative to the currents with which
they interact. For example, they may be tethered with cables, in
such a way that the current interacts with the turbine to maintain
its location and stability; this is analogous to underwater kite
flying in which the turbine plays the role of kite and the
ocean-bottom anchor, the role of kite flyer. Turbines can include
venturi-shaped shrouds around the blades to increase the flow
speed and power output from the turbine. In regions with pow-
erful currents over a large area, turbines could be assembled in
clusters, similar to wind turbine farms. Space would be needed
between the water turbines to eliminate wake-interaction
effects and to allow access by maintenance vessels. The engineers
at Strathclyde also discuss the third device shown in the figure, an
oscillating foil design, in which a hydrofoil’s angle of attack would
be repeatedly adjusted to generate a lift force that is upward,
then downward. The mechanism and controls would use this
oscillating force to generate power. The advantage of this design

Courtesy the University of Strathclyde

A horizontal- and a vertical-axis turbine, and an oscillating foil device.
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is that there are no rotating parts that could become fouled, but
the disadvantage is that the control systems involved would be
quite complex.

For ocean current energy to be commercially successful, a
number of technical challenges need to be addressed, including
cavitation problems, prevention of marine growth buildup on
turbine blades, and corrosion resistance. Environmental concerns
include the protection of wildlife (fish and marine mammals)
from turning turbine blades.

As the research in these types of turbines and foils continues,
engineers are also looking at alternative devices. A good example
is the work of Professor Michael Bernitsas, of the Department of
Naval Architecture and Marine Engineering at the University of
Michigan. He has developed a novel device, called a VIVACE
converter, which uses the well-known phenomenon of vortex-
induced vibrations to extract power from a flowing current. We
are all familiar with vortex-induced vibrations, in which an object
in a flow is made to vibrate due to vortices shedding first from one
side and then the other side of the object’s rear. For example,
cables or wires often vibrate in the wind, sometimes sufficiently
to make noise (Aeolian tones); many factory chimneys and car
antennas have a spiral surface built into them specifically to sup-
press this vibration. Another famous example is the collapse of
the Tacoma Narrows Bridge in Washington State in 1940, which
many engineers believe was due to vortex-shedding of cross
winds (a quite scary, but fascinating, video of this can easily be
found on the Internet). Professor Bernitas has made a source of
energy from a phenomenon that is usually a nuisance or a danger!

The figure shows a conceptualization of his device, which con-
sists of an assemblage of horizontal submerged cylinders. As the
current flows across these, vortex shedding occurs, generating an
oscillating up-and-down force on each cylinder. Instead of the
cylinders being rigidly mounted, they are attached to a hydraulic
system designed in such a way that, as the cylinders are forced up
and down, they generate power. Whereas existing turbine sys-
tems need a current of about 5 knots to operate efficiently, the
Vivace can generate energy using currents that are as slow as
1 knot (most of the earth’s currents are slower than 3 knots).

Courtesy Professor Michael Bernitsas

A VIVACE converter.

The device also does not obstruct views or access on the water's
surface because it can be installed on the river or ocean floor. It's
probable that this new technology is gentler on aquatic life
because it is slow moving and mimics the natural vortex patterns
created by the movement of swimming fish. An installation of
1x1.5km (less than 1/2 mi®) in a current of 3 knots could gener-
ate enough power for 100,000 homes. A prototype, funded by the
U.S. Department of Energy and the Office Naval Research, is cur-
rently operating in the Marine Hydrodynamics Laboratory at the
University of Michigan.

The design of a device such as the VIVACE converter brings in
the basic relations for a control volume as presented in this chap-
ter. The flow of water through it is governed by the conservation
of mass principle, the forces by the momentum principles, and
the energy produced by thermodynamic laws. In addition to these
basic relations, the phenomenon of vortex shedding is discussed
in Chapter 9; the vortex flow meter, which exploits the phenom-
enon to measure flow rate, is discussed in Chapter 8. We will dis-
cuss airfoil design in Chapter 9 and concepts behind the operation
of turbines and propellers in Chapter 10.

We are now ready to study fluids in motion, so we have to decide how we are to examine a flowing fluid.
There are two options available to us, discussed in Chapter 1:

1 We can study the motion of an individual fluid particle or group of particles as they move through
space. This is the system approach, which has the advantage that the physical laws (e.g., Newton’s
second law, F =dP/dt, where F is the force and dP/dt is the rate of momentum change of the fluid)
apply to matter and hence directly to the system. One disadvantage is that in practice the math asso-
ciated with this approach can become somewhat complicated, usually leading to a set of partial dif-
ferential equations. We will look at this approach in detail in Chapter 5. The system approach is needed
if we are interested in studying the trajectory of particles over time, for example, in pollution studies.

2 We can study a region of space as fluid flows through it, which is the control volume approach. This is
very often the method of choice, because it has widespread practical application; for example, in aero-
dynamics we are usually interested in the lift and drag on a wing (which we select as part of the control
volume) rather than what happens to individual fluid particles. The disadvantage of this approach is
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that the physical laws apply to matter and not directly to regions of space, so we have to perform some
math to convert physical laws from their system formulation to a control volume formulation.

We will examine the control volume approach in this chapter. The alert reader will notice that this chap-
ter has the word integral in its title, and Chapter 5 has the word differential. This is an important dis-
tinction: It indicates that we will study a finite region in this chapter and the motion of a particle (an
infinitesimal) in Chapter 5 (although in Section 4.4 we will look at a differential control volume to derive
the famous Bernoulli equation). The agenda for this chapter is to review the physical laws as they apply
to a system (Section 4.1); develop some math to convert from a system to a control volume (Section 4.2)
description; and obtain formulas for the physical laws for control volume analysis by combining the
results of Sections 4.1 and 4.2.

4.1 Basic Laws for a System

The basic laws we will apply are conservation of mass, Newton’s second law, the angular-momentum
principle, and the first and second laws of thermodynamics. For converting these system equations to
equivalent control volume formulas, it turns out we want to express each of the laws as a rate equation.

Conservation of Mass

For a system (by definition a specified amount of matter, M, we have chosen) we have the simple result
that M = constant. However, as discussed above, we wish to express each physical law as a rate equation,

SO we write
am
) =0 (4.1a)
dt system
where
Msystem = / dm= / p d¥ (4 lb)
M (system) ¥(system)

Newton's Second Law

For a system moving relative to an inertial reference frame, Newton’s second law states that the sum of all
external forces acting on the system is equal to the time rate of change of linear momentum of the system,

~ dP

F=" 4.2

dt) (4.2a)
system

where the linear momentum of the system is given by

—

Pyygiem = / V dm= / V pd¥ (4.2b)
M (system) ¥ (system)

The Angular-Momentum Principle

The angular-momentum principle for a system states that the rate of change of angular momentum is
equal to the sum of all torques acting on the system,

~ dH
T="" 4.
” ) (4.3a)
system

where the angular momentum of the system is given by

—

Hsystem =/ r X ‘7 dm=/ r X ‘7 p d¥ (4.3b)
M (system) ¥ (system)
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Torque can be produced by surface and body forces (here gravity) and also by shafts that cross the system
boundary,

T = ?><17"S+/ F X g dm+Toan (4.3¢)
M (system)

The First Law of Thermodynamics

The first law of thermodynamics is a statement of conservation of energy for a system,

0Q—-0W=dE
The equation can be written in rate form as
. . dE
0-W= —) (4.4a)
dt )
system
where the total energy of the system is given by
Esysiem = / edm= / epd¥ (4.4b)
M (system) ¥ (system)
and
2
e=u+7+gz (4.4c)

In Eq. 4.4a, Q (the rate of heat transfer) is positive when heat is added to the system from the surround-
ings; W (the rate of work) is positive when work is done by the system on its surroundings. In Eq. 4.4c, u
is the specific internal energy, V the speed, and z the height (relative to a convenient datum) of a particle
of substance having mass dm.

The Second Law of Thermodynamics

If an amount of heat, 56Q, is transferred to a system at temperature 7', the second law of thermodynamics
states that the change in entropy, dS, of the system satisfies

dSZ@
T

On a rate basis we can write
das 1.
) >—-0 (4.5a)
dt system T

where the total entropy of the system is given by

Ssystem = / sdm= / Sp v (45b)
M (system) ¥(system)

4.2 Relation of System Derivatives to the
Control Volume Formulation

We now have the five basic laws expressed as system rate equations. Our task in this section is to develop
a general expression for converting a system rate equation into an equivalent control volume equation.
Instead of converting the equations for rates of change of M, P, H, E, and S (Eqgs. 4.1a, 4.2a, 4.3a, 4.4a,
and 4.5a) one by one, we let all of them be represented by the symbol N. Hence N represents the amount
of mass, or momentum, or angular momentum, or energy, or entropy of the system. Corresponding to
this extensive property, we will also need the intensive (i.e., per unit mass) property 7. Thus

Nsystem =/ ﬂdm=/ ﬂPdV (46)
M (system) ¥(system)
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Stregmlines Subregion (3)
at time, 15 ™\ Subregion (1) of region III
of region I

y y

/|-x /|-)C -
z z AN

Control volume
(a) Time, 14 (b) Time, 15 + At

Fig. 4.1 System and control volume configuration.

Comparing Eq. 4.6 with Eqgs. 4.1b, 4.2b, 4.3b, 4.4b, and 4.5b, we see that if:
N=M, thenn=1

N=13, thenr;:\7
N:FI, theny=rxV
N=E, thenn=e

N=S§, thenn=s

How can we derive a control volume description from a system description of a fluid flow? Before
specifically answering this question, we can describe the derivation in general terms. We imagine select-
ing an arbitrary piece of the flowing fluid at some time #;, as shown in Fig. 4.1a—we could imagine
dyeing this piece of fluid, say, blue. This initial shape of the fluid system is chosen as our control volume,
which is fixed in space relative to coordinates xyz. After an infinitesimal time At the system will have
moved (probably changing shape as it does so) to a new location, as shown in Fig. 4.1b. The laws we
discussed above apply to this piece of fluid—for example, its mass will be constant (Eq. 4.1a). By
examining the geometry of the system/control volume pair at =1, and at r =1y + At, we will be able
to obtain control volume formulations of the basic laws.

Derivation

From Fig. 4.1 we see that the system, which was entirely within the control volume at time ¢y, is partially
out of the control volume at time 7y + At. In fact, three regions can be identified. These are: regions I and
II, which together make up the control volume, and region III, which, with region II, is the location of the
system at time o + At.

Recall that our objective is to relate the rate of change of any arbitrary extensive property, N, of the
system to quantities associated with the control volume. From the definition of a derivative, the rate of

change of Nysiem 18 given by

AN gy M Ny (4.7)
dt ) qem 410 At '

For convenience, subscript s has been used to denote the system in the definition of a derivative
in Eq. 4.7.
From the geometry of Fig. 4.1,

No)yy s a0 = (Nt +Nm), g = (Nov =N+ N, 4 g

and

NS)zO = (NCV)zO
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System boundary
at time 1y + At

“

Control surface III

Substituting into the definition of the system derivative, Eq. 4.7, we obtain

dN> _ lim (Nev =Ni+Nm),, 44— Nev),
At—0

dt At

Since the limit of a sum is equal to the sum of the limits, we can write

dN . NCV)10+At_NCV)t0 . NHI)IO+At . Nl)zo+At
w)ﬂ% A Al AT (48)
) ) ©)
Our task now is to evaluate each of the three terms in Eq. 4.8.
Term (D in Eq. 4.8 simplifies to
. NCV)zO +At_NCV) aNCV 0

To evaluate term Q) we first develop an expression for Nyyp) 1o +4¢ Dy looking at the enlarged view of a
typical subregion (subregion (3)) of region III shown in Fig. 4.2. The vector area element d A of the
control surface has nlagnitude dA, and its direction is the outward Pormal of the area element. In general,
the velocity vector V will be at some angle a with respect to d A.

For this subregion we have

dNm), 2, =Mpd¥), 4 a

We need to obtain an expression for the volume d¥ of this cylindrical element. The vector length of the
cylinder is given by Al = VAt. The volume of a prismatic cylinder, whose area d Ais atan angle a to its
length Al is given by d¥ =AldA cosa= Al- dA =V - dAAt. Hence, for subregion (3) we can write

dNHI)tO+At =I’]p‘7- dgAl‘

Then, for the entire region III we can integrate and for term Q) in Eq. 4.8 obtain

mNm)zD+m — lim fcsm Nin) A fcsm npV-dAAt
A—0 At A1—0 At At—0 At

. / npV-dA (4.9b)
CSmy

We can perform a similar analysis for subregion (1) of region I, and obtain for term in Eq. 4.8

N l) to + At g e
Jim —== = /Csl npV-dA (4.9¢)
For subregion (1), the velocity vector acts into the control volume, but the area normal always (by con-
vention) points outward (angle a > 7/2), so the scalar product in Eq. 4.9¢ is negative. Hence the minus
sign in Eq. 4.9c is needed to cancel the negative result of the scalar product to make sure we obtain a
positive result for the amount of matter that was in region I (we can’t have negative matter).

This concept of the sign of the scalar product is illustrated in Fig. 4.3 for (a) the general case of an
inlet or exit, (b) an exit velocity parallel to the surface normal, and (c) an inlet velocity parallel to the
surface normal. Cases (b) and (c) are obviously convenient special cases of (a); the value of the cosine in
case (a) automatically generates the correct sign of either an inlet or an exit.

Fig. 4.2 Enlarged view of subregion (3) from Fig. 4.1.
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dx dA . dA -
o / /
1%
CS CS

CS

V- dA = VdA cos « V. dA = +VdA V. dA = -VdA
(a) General inlet/exit (b) Normal exit (c¢) Normal inlet

Fig. 4.3 Evaluating the scalar product.

We can finally use Eqs. 4.9a, 4.9b, and 4.9c in Eq. 4.8 to obtain

dN P . .
dt) =3 npd¥+/ an—dA+/ npV-dA
system (% CS, CSm

and the two last integrals can be combined because CS; and CSyy; constitute the entire control surface,

dN d [
dt) =3 npd¥+/ npV-dA (4.10)
system Cv CS

Equation 4.10 is the relation we set out to obtain. It is the fundamental relation between the rate of
change of any arbitrary extensive property, N, of a system and the variations of this property associated
with a control volume. Some authors refer to Eq. 4.10 as the Reynolds Transport Theorem.

Physical Interpretation

It took several pages, but we have reached our goal: We now have a formula (Eq. 4.10) that we can use
to convert the rate of change of any extensive property N of a system to an equivalent formulation for
use with a control volume. We can now use Eq. 4.10 in the various basic physical law equations
(Eqs. 4.1a, 4.2a, 4.3a, 4.4a, and 4.52) one by one, with N replaced with each of the properties M, P,
H, E, and S (with corresponding symbols for ), to replace system derivatives with control volume expres-<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>