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Introduction

Internal flow
> Flows completely bounded by solid surfaces.

o Laminar or turbulent
o Analytical solutions are possible for some laminar case.

Systemic and Pulmonary Circulation

Lung capillaries

Water Supply Control

PULMONARY
CIRCUIT

Right atrium Left atrium

Right ventricle Left ventricle

Systemic capillaries
@ Oxygen-rich blood @ Oxygen-poor blood

The Reynolds Experiment (1883) Blood Circulation Lab-on-a-chip
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Introduction

Internal flow Characteristics @

o Laminar versus turbulent = : i
0 X T oI T >j-— - D

o Transition to Turbulence at Re =~ 2300 IR =y — |

> The entrance region € Entrance length F—"elocity profie

Fig. 8.1 Flow in the entrance region of a pipe.

Fully developed flow

> When the velocity or temperature profile shapes
no longer change with increasing distance z

o For laminar flow, the entrance length is a function
of Reynolds number

£20.06Re=0.06ﬂ, L <138D
D p
o For turbulent flow,
% =~ 25 — 40 for velocity, % > 80 for detailed motion
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Introduction to Couette Flow

 Couette Flow

» The flow of a viscous fluid in the space between two (infinite) surfaces, one of which is moving
tangentially relative to the other. No pressure gradient is involved.

« The flow is driven by the viscous drag force and the streamlines are parallel.

7, on plate
y=D 3 Moving plate —-m U, i 7y =y
Aty=D:u=u,T=T, R .
s S 3 > 7, on fluid 4e
> R -
D Parallel streamlines
- - =
y |
- > >
7,, on fluid g
, 5 Aty=0:4=0,T=T, oS-
), =
Fixed surface 7,, on surface

Model for Couette flow between two plate or two concentric cylinder (&0 [E#E).
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Introduction to Couette Flow

« General Governing Equations (Review)

op  O(pu)  d(pv) , O(pw
Continuity a/t)Jr (éOX)Jr (g;)Jr (gz ):0

0 ou
o ok _ _ ov. ou ou
fp[[))lil a§+aaz-XX+ a;//X—FaaTZZX Ty = Tyx _M(ax + ay) Txx =A(V'V)+2Ma
O O D B B Jw  Jv v
Momentum <|p B\t/ 25 aTXy aTyW aTZZy Tys = Ty = |4 (5 + 3_Z) Ty = A(V-V) + 2/1,@
ot dJu  dw ow
i gy [ L B
D(e+VZ2/2
s el B
V. pV+@(UTXX) (UTyx) 5(UTZX) a(Vz'xy) a(Vz'yy) a(Vz'zy)
Energy OX oy 0z OX oy 0z
5(WT X7 ) 0 (WTyz ) 5(WT 77)
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Introduction to Couette Flow

* The Governing Equations for Couette Flow

7, on plate
v = ‘3 Moving plate ——p U, 7 -
' Aty=Din=u,l =1, : .
—— - > 7, on fluid q.
- > >
v=w=0 g = @ =0 D Parallel streamlines
X  ox o ——
) ‘ —— -~ —
7,, on fluid g
; Aty=0:4=0,T=T,, A w
yi=)
Fixed surface 7,. on surface
Continuity Momentum Energy
o(pu ou
‘g’)=0 8_8)/ Hoy )= 5(1&”]&[;&1 ]:o
" oyl oy ) oy oy

oy
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@:0 (pressure is constant throughout the entire flow field)
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Incompressible Couette Flow

« Assumptions
* p, U, k are treated as constants.
* T is also constant.

o ou)_
Slug)=o0
1 U = const.

u_g
oy?

|
u=ay+b

y=0,u=0—->b=0;
y=D,u=u, »>a=u,D.

u=u.(y/D)

LECTUREL INTERNAL INCOMPRESSIBLE VISCOUS FLOW

Velocity profile for incompressible Couette flow

For incompressible Couette flow
 Velocity varies linearly across the flow.

* 1 increases linearly with u,.
* tis inversely proportional to D.
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Fully Developed Internal Flows

Parallel Stationary Plates with Pressure Gradient (Poiseuille Flow)

o Both plates are stationary.

o The fluid is driven by pressure gradient.

> Flow is laminar and fully developed, body force is neglected.

- Boundary condition at y=0 u=0
at y=a u=0
dp dx dfwc dy

- = = dFr = ( 1, dxd , T
dF; (p i 2)dydz+ T (ry + — ay 2) X dz y :
I ] o

dp dx dt,, dy [ ﬁ_l““l

— — == =— (7. == A B

dFg <p+ax 2)dydz+ dFg (rﬂ ay 2>dxdz ’ 1x—>|dx|<—

l

dr,, Op
— = — =constant
dy

ox
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(a) Geometry of CV

-

Taylor Series Expansion

at,, dy
[T},x+ 8; (2)]dxdz

I T

2
| K
leferentlial —_— Tl ____ |
contro ot d
+ -""(——y) dx dz
volume [ru ay\ 2

(b) Forces acting on CV

Fig. 8.3 Control volume for analysis of laminar flow between stationary infinite parallel plates.
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Fully Developed Internal Flows

Parallel Stationary Plates with Pressure Gradient (Poiseuille Flow)

o Both plates are stationary.
o The fluid is driven by pressure gradient.
> Flow is laminar and fully developed, body force is neglected.

- Boundary conditions at y=0 u=0

at y=a u=0 _ _
Taylor Series Expansion
dt,. dp [r.ﬁmﬂ by ]d.xdz
= = — =constant y ! i (, ;)
dy  0x ] > === 1|
[
op(_dx P p (dx :
S du — - X — \l [p+ ax(—z)]aiyafz—l»: ’c. i4— I:p+a (?)]dy dz
v — M T i I =
“ dy Yo e Differential — l—Z——- |
. . - - _1 control ot.[ d
Integrating twice and ’ b o | volume [T_wr + a;-x(__y)]dxdz
apply the boundary conditions * yY o2
y
(a) Geometry of CV (b) Forces acting on CV
a’ (0 2 :
U= ﬂ 8_5; % — % Velocity Profile Fig. 8.3 Control volume for analysis of laminar flow between stationary infinite parallel plates.
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Fully Developed Internal Flows

Parallel Stationary Plates with Pressure Gradient (Poiseuille Flow)
o Both plates are stationary.
o The fluid is driven by pressure gradient.
> Flow is laminar and fully developed, body force is neglected.

Taylor Series Expansion

- Boundary conditions at y=0 u=0
0Ty, [ dy
at y=a u=0 v T [ 7y (?)]d"d
‘2l - ==
| P | B
ou 0 1 -] o T Y S p+ 2P (&) ayd:
Tye — B~ = a(_p) [E — —} Shear Stress Distribution a | [p 9 ( 2)] ’ _bl Ty I*_[ 0 (2 )]
dy ozr) la 2 Y dy :_:'i Differential — -z ——- !
- 1 trol
| Tda o [ 2o 2 )
: Q _ ["1 (8p)> ' '
Q —/0 U’ldy or 7 T /0 ﬂ (%) (y N ay) dy (a) Geometry of CV (b) Forces acting on CV
Fig. 8.3 Control volume for analysis of laminar flow between stationary infinite parallel plates.
1 (0 ’A :
% = - m (8_2;)&3 = % (constant pressure gradient)| Volume Flow Rate
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Fully Developed Internal Flows

Parallel Stationary Plates with Pressure Gradient (Poiseuille Flow)
o Both plates are stationary.

o The fluid is driven by pressure gradient.
> Flow is laminar and fully developed, body force is neglected.
- Boundary conditions at y=0 u=0

at y=a u=0

2

= @ _a’Ap
V=4~ 12

a? (9 2 y—ar2 1 (9 3 - . .
U= ﬂ <8_Z> [(%) — (%)} ——— Umax — — @ (8—Z)a2 = §V Maximum Velocity

(constant pressure gradient) Average Velocity

NOTE: ALL this results are valid for laminar flow only!
BT N H F5 K
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Fully Developed Internal Flows

Example 8.1

> A hydraulic system operates at a gage pressure of 20 MPa and 55°C with a hydraulic fluid of
SAE 10W oil. A control valve consists of a piston 25 mm in diameter, fitted to a cylinder with a
mean radial clearance of 0.005 mm. Determine the leakage flow rate if the gage pressure on
the low pressure side of the piston is 1.0 MPa and the piston is 15 mm long.

Q_adp
[ 12uL
a=0.005 mm
Q= a’lAp  a’wDAp p1 = 20 MPa (gage)
12pL 12uL
Q= 15 X 0,005 25 X (20 = )X 10° X g~ X T557g5 = 57-6 mm’/s -

NOTE: Remember to double check the Reynolds number.

p»> = 1.0 MPa (gage)
BT N B F5 R
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Fully Developed Internal Flows

Upper Moving Plates with Pressure Gradient o
earing

o The fluid is driven by pressure gradient and the moving plate. NG
> Flow is laminar and fully developed, body force is neglected. )
> Boundary conditions u«=0 at y=0 Fluid
u=U at y=a 7 in gap
- 5 3 5 Bearing —
u= 2 + g < p) {(ﬁ) —<E>} Velocity Profile
a 2 \0z /) [ \a a w g
10} \\
Ty = 9u _ Q—Fa(a—p){g—l} Shear Stress Distributi ‘
vz — W By = U . oz | a 5 ear Stress Distribution - y —v
ox N a
Q_Ua 1 (819) 3 > '
T 12\ 0z a Volume Flow Rate \ | |
0 1.0 2.0 3.0
du —0 at y— a Ula Point of Maxi Velocit " Dimensionless Velocity Profile
d_ — — 2 1 On /0 omnto aximum velocCity
] ( /M)( p/ ) BT N B F5 R
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Fully Developed Internal Flows

Pipe Flow
o The fluid is driven by pressure gradient in a pipe.

> Flow is laminar and fully developed, body force is neglected.
o Boundary conditions =0 at r=R (no slip condition)

Annular differential
control
volume

Annular differential

volume S =

| 1

' l ap
X I | p+ 2L dx| 27rdr

d rx
dF, =p2zrdr + dFo= (Trx-i- ; dr) 27(r +dr)dx
r

a p 2Jﬂ'df'—hv| — o
p pr— /‘l__.-rl | )
dFp=— (p +—dx | 2nrdr + dF; = —1,2nr dx dr*: mampnn— — e
ax f ‘-—dx—-—‘ [r” +% dr] 2r (r +dr) dx
r
l (a) End view of CV (b) Side view of CV (c) Forces on CV

Fig. 8.7 Differential control volume for analysis of fully developed laminar flow in a pipe.

2 [0 C R* (0 2
Uu=— (_P) + —lln F4+ () —y—=-— <—p> |:]. — (L> :| Velocity Profile
du\ox) u 4p
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Fully Developed Internal Flows

Pipe Flow
o The fluid is driven by pressure gradient in a pipe.
> Flow is laminar and fully developed, body force is neglected.
o Boundary conditions =0 at r=R (no slip condition)

Annular differential
control

d’U/ B r (a_p> volume

Annular differential

Shear Stress Distribution

"~ 2\0s ;o) — s
L X — P Zxrdr—bi 14_ (p + dx) xrdr
o TR* Op . 7TApR4 o 7'('ApD4 dri[:::::j-/_k‘/cvmt_:;_}
Q=- 81 (8:{:) — Sul = 1284l Volume Flow Rate N [w%dr]h s ) de
(a) End view of CV (b) Side view of CV (c) Forces on CV
_ 0 B R2 ap | Fig. 8.7 Differential control volume for analysis of fully developed laminar flow in a pipe.
V= Vi @ (%) Averaged Velocity

R’ (D Friction lose and other loses caused by valves and elbows are neglected.
Upaxy — — —— (_p) =2V| Maximum Velocity
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Fully Developed Internal Flows

Example 8.4
A test of a certain liquid in a capillary viscometer gave the following data:
3

mm
Q=880——- L=1m, D =050mm, Ap=1.0MPa
Determine the viscosity of the fluid. cv D =05 mm
Flow —> e — —— 5
_ mApD* —L=1m —
Q= To8uL @ @

_ wApD*  wX1X10°X(0.5x10°%)* 5 )
H=1280Q 128 x1x880x10° L 74xX107°N-s/m

BT N HED R
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Homework

Problem 8.3

8.3 Air at 40°C flows in a pipe svstem in which diameter is |
decreased in two stages from 25 mm to 15 mm to 10 mm. I
Each section is 2 m long. Asthe flow rate is increased, which |
section will become turbulent first? Determine the flow rates B —
at which one, two, and then all three sections first become I
turbulent. At each of these flow rates, determine which |
sections, if any, attain fully developed flow.

D, =25mm Dz=15mm Ps=l0mm

Re . jttv D4
Q1 = 4
Recriemv D,
Q; = 4
0, = Recriinng,

BT N HED R
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Homework

Problem 8.3
|
] |
|

:
I D;=25mm D2=15mm

Dy =10 mm

Ligminar = 0.06ReD, Turbulent: L,;, = 25D  Lyq = 40D

Qs:

Lmin3 = 25D3 Linax;3 = 40D3
Ligminar,z = 0.06 <7T4QD3 )Ds.
Ligminar,2 = 0.06 (mﬁ))
Liaminara = 0.06 (st1931> D,

LECTUREL INTERNAL INCOMPRESSIBLE VISCOUS FLOW

Q2:
Lmin,3 = 25D; Lmax,3 = 40D;
Lmin,z = 25D, Lmax,z = 40D,

4Q,
Llaminar,z = O-O6< )DZ

T[UDZ
4Q,
Llaminar,l = 0.06 <7TUD1> D,
Q1:
Lmin,S = 25D; Lmax,3 = 40D;

Lmin,z = 25D, Lmax,z = 40D,
Lmin,l = 25D, Lmax,l = 40D,

40Q,
Llaminar,l = O-O6< )Dl
BT N HED R
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Homework

Problem 8.12

A large mass is supported by a piston of diameter D = 100 mm and length L = 100 mm. The piston sits in a
cylinder closed at the bottom, and the gap a = 0.025 mm between the cylinder wall and piston is filled with SAE
10 oil at 20° C. The piston slowly sinks due to the mass, and oil is forced out at a rate of 6 x 107® m3/s. What
Is the mass (kg)?

Flow between stationary plates:

Q al/
Vave = ﬁ — Re = ;lve
Q a’Ap
| 12ul
Ap > F > m

BT N HED R
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Homework

Problem 8.18

Consider fully developed laminar flow between infinite parallel plates separated by gap width d = 10 mm. The
upper plate moves to the right with speed U,= 0.5 m/s; the lower plate moves to the left with speed U,= 0.25
m/s. The pressure gradient in the direction of flow is zero. Develop an expression for the velocity distribution in
the gap. Find the volume flow rate per unit depth (m3/sec/m) passing a given cross section.

dP 0 dt d?u 0
—_— = - —_— = —_— =
dx dy # dy?

2
d_u =0 - u(y), u(0) = -U,, u(d) = U,

¢ Q
Q=fudA=bf udy - EZ???
0

BT N HED R
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Homework

Problem 8.39

Consider first water and then SAE 10W lubricating oil flowing at 40°C in a 6 mm diameter tube.
Determine the maximum flow rate and corresponding pressure gradient for each fluid assuming

laminar flow.
VD 4
pe = PVP _ Q
J7i mDv
Re nwDv Re D
0= G =R _ (R,
Qmax — _R_z%
A 8u ox
@ . 128uQ.0x ( 128
Sx ZD*  \ gp%) wmaxH

BT N HED R
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Homework

Problem 8.40
For fully developed laminar flow in a pipe, determine the radial distance from the pipe axis at
which the velocity equals the average velocity.

BT N HED R
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Homework

This assignment is due by 6pm on March 18,
> Upload your solution to BB.

> You can either type your solution out using a word editor like Microsoft
Word or clearly hand write the information and then copy/scan your
solution to a digital file.
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