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FORCED AND FREE VIBRATIONS

• Rayleigh’s Energy Method

• Simply Supported Beam 

• Free Vibrations

• Damped Vibrations

• Forced Vibrations 

• Tunned Mass Damper

• Two DOF System

• Free Vibration

• Undamped Vibration Absorber

• Video Demo-Vibration Absorber

• Video Demo-Mode 1 & Mode 2 



RAYLEIGH’S ENERGY METHOD

• Conservation of energy

𝑇1 + 𝑈1 = 𝑇2 + 𝑈2

𝑈𝑖:potential energy; 𝑇𝑖:kinematic energy 

• 𝑈1 = 0 : reference potential energy, 𝑇2 = 0

𝑇max = 𝑈max



EFFECT OF SPRING MASS

• Determine the effect of the mass of the spring on the 

natural frequency of the spring-mass system shown in 

Figure

• Kinetic energy
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• Potential energy
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EFFECT OF SPRING MASS

• Assume harmonic motion

𝑥 𝑡 = 𝑋 cos𝜔𝑛𝑡

• Maximum energy
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• Natural frequency
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EFFECT OF COLUMN MASS



EFFECT OF COLUMN MASS

• Find the natural frequency of transverse vibration of the water tank including the mass of the 

column.

• Deflection

𝑦 𝑥 =
𝑃𝑥2
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• Kinetic energy
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EFFECT OF COLUMN MASS

• Kinetic energy

𝑇max =
𝑚

2𝑙

ሶ𝑦max

2𝑙3

2

න
0

𝑙

(3𝑥2𝑙 − 𝑥3) 2𝑑𝑥

=
1

2

33

140
𝑚 ሶ𝑦max

2

• Equivalent mass

𝑇max =
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𝑚eq =
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𝑚

• Effective mass

𝑚𝑒𝑓𝑓 = 𝑀 +𝑚eq = 𝑀 +
33

140
𝑚



SIMPLY SUPPORTED BEAM

• Static deflection

𝛿𝑠𝑡 =
𝑚𝑒𝑥𝑐𝑖𝑡𝑒𝑟𝑔𝑙𝑏𝑒𝑎𝑚

3

48𝐸𝐼𝑏𝑒𝑎𝑚
, 𝐼𝑏𝑒𝑎𝑚 =

𝑏𝑑3
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• Flexural rigidity

𝑘𝑏𝑒𝑎𝑚 =
48𝐸𝐼𝑏𝑒𝑎𝑚

𝐼𝑏𝑒𝑎𝑚
3



SIMPLY SUPPORTED BEAM FREE VIBRATION

• Beam deflection equation

𝑦 = 𝑦𝑚𝑎𝑥

3𝑥𝑙𝑏𝑒𝑎𝑚
2 − 4𝑥3

𝑙𝑏𝑒𝑎𝑚
3

𝑥

𝑙
≤
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• Free vibration

𝑚𝑒𝑥𝑐𝑖𝑡𝑒𝑟 ሷ𝑦 + 𝑘𝑏𝑒𝑎𝑚𝑦 = 0

ሷ𝑦 + 𝜔2𝑦 = 0

𝜔2 =
𝑘𝑏𝑒𝑎𝑚
𝑚𝑒𝑥𝑐𝑖𝑡𝑒𝑟



SIMPLY SUPPORTED BEAM FREE VIBRATION

• Effective mass (Rayleigh)

𝑚𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 = 𝑚𝑒𝑥𝑐𝑖𝑡𝑒𝑟 +
17

35
𝑚𝑏𝑒𝑎𝑚

• Corrected rigidity

𝛿𝑠𝑡 =
𝑚𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒/2 𝑔𝑙3

3

3𝐸𝐼𝑏𝑒𝑎𝑚

=
𝑚𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒𝑔𝑙3

3

6𝐸𝐼𝑏𝑒𝑎𝑚

𝑘𝑏𝑒𝑎𝑚 =
6𝐸𝐼𝑏𝑒𝑎𝑚

𝑙3
3

• Improved natural frequency

𝑓 =
1

2𝜋

6𝐸𝐼𝑏𝑒𝑎𝑚

𝑚𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒𝑙3
3



SIMPLY SUPPORTED BEAM DAMPED VIBRATION

• Damped vibration

𝑚𝑒𝑓𝑓 ሷ𝑦 + 𝑐 ሶ𝑦 + 𝑘𝑒𝑓𝑓𝑦 = 0

where 𝑚𝑒𝑓𝑓 = 𝑚𝑒𝑥𝑐𝑖𝑡𝑒𝑟 +
17

35
𝑚𝑏𝑒𝑎𝑚 +𝑚𝑑𝑎𝑚𝑝𝑒𝑟

• Standard form

ሷ𝑦 + 2𝛾 ሶ𝑦 + 𝜔2𝑦 = 0

𝛾 =
𝑐

2𝑚𝑒𝑓𝑓

• Solution

𝑦 = 𝐴𝑒−𝛾𝑡 cos(𝜔𝑑𝑡 − 𝛼𝑡)



SIMPLY SUPPORTED BEAM FORCED VIBRATIONS 

• Equation of motion

𝑚𝑒𝑓𝑓 ሷ𝑦 + 𝑐 ሶ𝑦 + 𝑘𝑒𝑓𝑓𝑦 = 𝑄 sinΩ𝑡

𝑚𝑒𝑓𝑓 = 𝑚𝑚𝑎𝑠𝑠 +
17

35
𝑚𝑏𝑒𝑎𝑚 +𝑚𝑑𝑎𝑚𝑝𝑒𝑟

ሷ𝑦 + 2𝛾 ሶ𝑦 + 𝜔2𝑦 =
𝑄

𝑚𝑒𝑓𝑓
sinΩ𝑡

• Solution

𝑦 =
𝑄

𝑘𝑒𝑓𝑓
𝛽 sin Ω𝑡 − 𝛼



TAIPEI 101-TUNED MASS DAMPER





TWO DOF SYSTEM



TWO DOF SYSTEM

𝑚1 ሷ𝑥1 + 𝑐1 + 𝑐2 ሶ𝑥1 − 𝑐2 ሶ𝑥2 + 𝑘1 + 𝑘2 𝑥1 − 𝑘2𝑥2 = 𝑓1
𝑚2 ሷ𝑥2 − 𝑐2 ሶ𝑥1 + 𝑐2 + 𝑐3 ሶ𝑥2 − 𝑘2𝑥1 + 𝑘2 + 𝑘3 𝑥2 = 𝑓2



TWO DOF SYSTEM

𝑚1 ሷ𝑥1 + 𝑐1 + 𝑐2 ሶ𝑥1 − 𝑐2 ሶ𝑥2 + 𝑘1 + 𝑘2 𝑥1 − 𝑘2𝑥2 = 𝑓1
𝑚2 ሷ𝑥2 − 𝑐2 ሶ𝑥1 + 𝑐2 + 𝑐3 ሶ𝑥2 − 𝑘2𝑥1 + 𝑘2 + 𝑘3 𝑥2 = 𝑓2

𝑚 ሷԦ𝑥 + 𝑐 ሶԦ𝑥 + [𝑘] Ԧ𝑥 = Ԧ𝑓

𝑚 =
𝑚1 0
0 𝑚2

𝑐 =
𝑐1 + 𝑐2 −𝑐2
−𝑐2 𝑐2 + 𝑐3

𝑘 =
𝑘1 + 𝑘2 −𝑘2
−𝑘2 𝑘2 + 𝑘3

Ԧ𝑥 =
𝑥1
𝑥2

Ԧ𝑓 =
𝑓1
𝑓2



TWO DOF SYSTEM FREE VIBRATION

• Equation of motion 

𝑚1 ሷ𝑥1 ++ 𝑘1 + 𝑘2 𝑥1 − 𝑘2𝑥2 = 0

𝑚2 ሷ𝑥2 − 𝑘2𝑥1 + 𝑘2 + 𝑘3 𝑥2 = 0

• Assumed solution

𝑥1 𝑡 = 𝑋1 cos(𝜔𝑡 + 𝜙) ; 𝑥2 𝑡 = 𝑋2 cos(𝜔𝑡 + 𝜙)

−𝑚1𝜔
2 + 𝑘1 + 𝑘2 𝑋1 − 𝑘2𝑋2 cos(𝜔𝑡 + 𝜙) = 0

−𝑘2𝑋1 + −𝑚2𝜔
2 + 𝑘2 + 𝑘3 𝑋2 cos(𝜔𝑡 + 𝜙) = 0



TWO DOF SYSTEM FREE VIBRATION

• Matrix form

𝑑𝑒𝑡
−𝑚1𝜔

2 + 𝑘1 + 𝑘2 −𝑘2
−𝑘2 −𝑚2𝜔

2 + 𝑘2 + 𝑘3
= 0

• Solution

𝜔1
2, 𝜔2

2 =
1

2

𝑘1 + 𝑘2 𝑚2 + 𝑘2 + 𝑘3 𝑚1

𝑚1𝑚2

∓
1

2

𝑘1 + 𝑘2 𝑚2 + 𝑘2 + 𝑘3 𝑚1

𝑚1𝑚2

2

− 4
𝑘1 + 𝑘2 𝑘2 + 𝑘3 − 𝑘2

2

𝑚1𝑚2

1/2



TWO DOF SYSTEM FREE VIBRATION

• Magnitude ratio

𝑟1 =
𝑋2

1

𝑋1
1
=
−𝑚1𝜔1

2 + 𝑘1 + 𝑘2
𝑘2

=
𝑘2

−𝑚2𝜔1
2 + 𝑘2 + 𝑘3

𝑟2 =
𝑋2

2

𝑋2
2
=
−𝑚1𝜔2

2 + 𝑘1 + 𝑘2
𝑘2

=
𝑘2

−𝑚2𝜔2
2 + 𝑘2 + 𝑘3

Ԧ𝑥(1) =
𝑋1

1

𝑋2
1

=
𝑋1

1

𝑟1𝑋1
1

=
𝑋1

1
cos(𝜔1𝑡 + 𝜙1)

𝑟1𝑋1
1
cos(𝜔1𝑡 + 𝜙1)

= first mode 

Ԧ𝑥(2) =
𝑋1

2

𝑋2
2

=
𝑋1

2

𝑟2𝑋1
2

=
𝑋1

2
cos(𝜔2𝑡 + 𝜙2)

𝑟2𝑋1
2
cos(𝜔2𝑡 + 𝜙2)

= second mode



TWO DOF SYSTEM FREE VIBRATION

• General Solution

Ԧ𝑥(1) = 𝑋1
1
+ 𝑋1

2
= 𝑋1

(1)
cos(𝜔1𝑡 + 𝜙1) + 𝑋1

(2)
cos(𝜔2𝑡 + 𝜙2)

Ԧ𝑥(2) = 𝑋2
1
+ 𝑋2

2
= 𝑟1𝑋1

(1)
cos(𝜔1𝑡 + 𝜙1) + 𝑟2𝑋1

(2)
cos(𝜔2𝑡 + 𝜙2)

• Initial Conditions

𝑥1 0 = 𝑋1
(1)

cos(𝜙1) + 𝑋1
(2)

cos(𝜙2)

ሶ𝑥1 0 = −𝜔1𝑋1
1
sin 𝜙1 −𝜔2𝑋1

(2)
sin(𝜙2)

𝑥2 0 = 𝑟1𝑋1
(1)

cos(𝜙1) + 𝑟2𝑋1
(2)

cos(𝜙2)

ሶ𝑥2 0 = −𝜔1𝑟1𝑋1
1
sin 𝜙1 −𝜔2𝑟2𝑋1

(2)
sin(𝜙2)



TWO DOF SYSTEM FREE VIBRATION



UNDAMPED VIBRATION ABSORBER



TWO DOF SYSTEM-VIBRATION ABSORBER 



𝑚1 ሷ𝑦1 + 𝑘𝑏𝑒𝑎𝑚 + 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 𝑦1 − 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟𝑦2 = 𝑄 sin(Ω𝑡)

2𝑚2 ሷ𝑦2 − 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟𝑦1 + 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟𝑦2 = 0



TWO DOF SYSTEM-VIBRATION ABSORBER 

• Solution

𝑦1 = 𝐴 sin𝜔𝑡 and ሷ𝑦1 = −𝐴𝜔2 sin𝜔𝑡

𝑦2 = 𝐵 sin𝜔𝑡 and ሷ𝑦2 = −𝐵𝜔2 sin𝜔𝑡

𝑘𝑏𝑒𝑎𝑚 + 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 −𝑚1𝜔
2 𝐴 − 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟𝐵 sin𝜔𝑡 = 𝑄 sin(Ω𝑡)

−2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟𝐴 + 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 − 2𝑚2𝜔
2 𝐵 sin𝜔𝑡 = 0

𝑘𝑏𝑒𝑎𝑚 + 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 −𝑚1𝜔
2 −2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟

−2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 − 2𝑚2𝜔
2

𝐴 sin𝜔𝑡
𝐵 sin𝜔𝑡

=
𝑄 sin(Ω𝑡)

0

𝐶𝑌 = 𝐹



TWO DOF SYSTEM-VIBRATION ABSORBER 

• Free response

𝑘𝑏𝑒𝑎𝑚 + 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 −𝑚1𝜔
2 −2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟

−2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 − 2𝑚2𝜔
2 = 0

2𝑚1𝑚2𝜔
4 − 2𝑚1𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 + 2𝑚2𝐶𝑘𝑏𝑒𝑎𝑚 + 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 𝜔

2 + 2𝑘𝑏𝑒𝑎𝑚𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 = 0

• Natural frequency

𝜔2 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎

𝑎 = 2𝑚1𝑚2; 𝑏 = − 2𝑚1𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 + 2𝑚2 𝑘𝑏𝑒𝑎𝑚 + 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 ; 𝑐 = 2𝑘𝑏𝑒𝑎𝑚𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟



TWO DOF SYSTEM-VIBRATION ABSORBER 

𝐶𝑌 = 𝐹

𝑌 = 𝐶−1𝐹 =
𝑎𝑑𝑗 𝐶

det(𝐶)

𝐴 =
1

Δ
2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 − 2𝑚2𝜔

2 𝑄

𝐵 =
1

Δ
2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟𝑄

𝐴 sin𝜔𝑡
𝐵 sin𝜔𝑡

=
1

Δ

2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 − 2𝑚2𝜔
2 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟

2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 𝑘𝑏𝑒𝑎𝑚 + 2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 −𝑚1𝜔
2

𝑄 sin(Ω𝑡)
0



TWO DOF SYSTEM-VIBRATION ABSORBER 

• Objective: reduce amplitude A to zero

• Set 𝐴 to zero

0 =
1

Δ
2𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟 − 2𝑚2𝜔

2 𝑄

• Antiresonance frequency

𝜔 =
𝑘𝑎𝑏𝑠𝑜𝑟𝑏𝑒𝑟

𝑚2



TWO DOF SYSTEM-VIBRATION ABSORBER 



VIDEO DEMO- MODE 1 & MODE 2



VIDEO DEMO-VIBRATION ABSORBER 



STUDIO 

Find the free-vibration response of the system shown in Figure with 𝑘1 = 30, 𝑘2 =

5, 𝑘3 = 0, 𝑚1 = 10,𝑚2 = , and 𝑐1 = 𝑐2 = 𝑐3 = 0 for the initial conditions

𝑥1(0) = 1, ሶ𝑥1 0 = 𝑥2 0 = ሶ𝑥2 0 = 0






