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RAYLEIGH'S ENERGY METHOD

® Conservation of energy

T1 + U1 — T2 + Uz
U;:potential energy; T;:kinematic energy

®* U; = 0 : reference potential energy, T, = 0

Tmax - Umax

Rayleigh’s improved beam theory accounts for the both the mass of the excitation weight and the
mass of the beam, deriving an effective mass in the following form:

17
Meffective — Mexciter + ﬁmbeam

meffective lgeam
48E Ipeqm




EFFECT OF SPRING MASS

®* Determine the effect of the mass of the spring on the
natural frequency of the spring-mass system shown in
Figure

® Kinetic energy

P dmt 4 (% ay) (2]

® Potential energy




EFFECT OF SPRING MASS

®* Assume harmonic motion
x(t) = X cos wyt

® Maximum energy

T %(m + %)szfl

1 2
Umax = E kX

®* Natural frequency




EFFECT OF COLUMN MASS




EFFECT OF COLUMN MASS

® Find the natural frequency of transverse vibration of the water tank including the mass of the

column.

® Deflection

2

_PX _ymax 2 3
y(x)—6EI (3l —x) = o3 (3x“l — x°)

® Kinetic energy
1 ('m
Tmax = Ej T{Y(x)}zdx
0

. Y
y(x) = znﬁx (3x21 — x3)




EFFECT OF COLUMN MASS

® Kinetic energy

T . = (2“;") J (3x21 — x3) 2dx
133\,
~2\120™ ) Ymax

1 .
Tmax = Emeqymax
33
140

®* Equivalent mass

® Effective mass

33
meff=M+meq—M+mm



SIMPLY SUPPORTED BEAM

® Static deflection

N mexciterglls;eam i b;dg
X 48Elypgm €T 12

® Flexural rigidity
48E 1y oqm

beam 13
beam

2 2
e e ) . i "
- = T exciter R >t Iexmter

lbeam




SIMPLY SUPPORTED BEAM FREE VIBRATION

®* Beam deflection equation

3x1f,0m — 4x3\ (x 1
Y = Ymax {T < 5}

l3
beam

®* Free vibration R .
o~ Mexciter
Mexcitery T kbeamy =0 f
j} + wzy — O ‘beam B
2 kbeam
a) —

Mexciter



SIMPLY SUPPORTED BEAM FREE VIBRATION

® Effective mass (Rayleigh)

17
meffeCtive b mexCiteT' + %mbeam Leﬁ_hand nght—hand
cantilever cantilever
® Corrected rigidity
S — (meffective/z)glg
. 3Elbeam
. meffectiveglg f — ! 6Elbeam =
6E[yoqm an meffectivel3
6E1beam

beam — 13
3



SIMPLY SUPPORTED BEAM DAMPED VIBRATION

® Damped vibration

17

where Merr = Mexciter + Embeam + Maamper

® Standard form
y+2yy+w’y=0
C

'}/ —
2Tefy

® Solution

y = Ae~ "t cos(wyt — ay)



SIMPLY SUPPORTED BEAM FORCED VIBRATIONS

®* Equation of motion

Merry +CY + Keppy = @ sindt

17
meff = Myinass + gmbeam + mdamper

y + 2yy + w?y =

® Solution

y = ¢ B sin(Qt — a)
Kers



TUNED MASS DAMPER
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TWQO DOF SYSTEM




TWO DOF SYSTEM

':».rl,.fl

>/

kyxy k(X2 = x;) <
C1Xy C(%y = X1)

Spring k; under tension Spring k, under tension Spring k5 under

for +x, for +(x, — xy) compression for +x,

(b)

mixX7 + (1 + )X — %y + (kg + ky)xq —kyxy = f1
MyXy — CXq + (€ + ¢3)Xy — koxq + (ky + k3)x, = f



TWO DOF SYSTEM

mqX7 + (€1 + €)X — Xy + (ky + kp)xy —kyx, = f4
MyXy — X1 + (€3 + €3)%y — koxq + (ky + k3)xy = /5



TWQO DOF SYSTEM FREE VIBRATION

® Equation of motion
mqyx; + +(ky + ky)x; —ko,x, =0
moxy — kox; + (ko + k3)x, =0
® Assumed solution
x1(t) = X; cos(wt + @) ; x,(t) = X, cos(wt + ¢)
[(—m1w2 + (ky + k)X, — kzXz] cos(wt+¢) =0
[—k2X1 + (—mzwz + (k, + kg))Xz] cos(wt + ¢p) =0



TWQO DOF SYSTEM FREE VIBRATION

® Matrix form

det [_mlwz + (kl + kz) X _k2 - O
_k2 _mz(l) + (kz + k3)
® Solution
s o 1f(ky + ky)my + (ky + k3)my
“Y1,@2 =5 m;m
R

) L 71/2
$l (ky + ky)m, + (ky + k3)my _4 (ky + k) (ky + k3) — k5
2 m{m, m{m,



TWO DOF SYSTEM FREE VIBRATION

®* Magnitude ratio

x5
rn=—5=
X
X
7"2 — e —
7

(1)
NOTES L o
XZ

2)
2@ E
xP) (rx®?

—miw? + (ky + k) i k,

ko —myw? + (ky + k3)

—miws + (ky + k) _ k,

X }

—mz(,()% + (kz + k3)

Kz
Xl(l) Xl(l) cos(w1t + ¢@4)
rlel)

1) = first mode
rX; " cos(wqt + ¢q)

{ sz) cos(w,t + ¢P,)

2) = second mode
rX;" cos(wyt + ¢5)



TWQO DOF SYSTEM FREE VIBRATION

® General Solution
¥ = Xl(l) + Xl(z) = Xl(l) cos(wqt + 1) + X1(2) cos(w,t + ¢P,)
%2 = Xz(l) + XZ(Z) — rle(l) cos(wqt + ¢1) + 'erl(z) cos(wyt + ¢5)

® |nitial Conditions

x1(0) = Xl(l) cos(¢p,) + X1(2) cos(¢,)
%1(0) = —w X{V sin(¢hr) — wX{* sin(¢2)
x,(0) = rle(l) cos(¢,) + rZXl(Z) cos(¢-)
x2(0) = —0)17"1X1(1) sin(¢,) — 0)27"2X1(2) sin(¢z)



TWO DOF SYSTEM FREE VIBRATION

(a) First mode (b) Second mode




UNDAMPED VIBRATION ABSORBER
2 m,

2 kabsorber(y_?—.},f )

k beam(YI )




TWQO DOF SYSTEM-VIBRATION ABSORBER
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lfl

2 kabsorber(.}}é'-.}}f )

k beam(YI )

mlyl + (kbeam + Zkabsorber)yl o Zkabsorberyz - Q Sin(Qt)
2myY, — 2KapsorberY1 t 2KapsorperyY2 = 0



TWQO DOF SYSTEM-VIBRATION ABSORBER

® Solution
y,; = Asin wt and j; = —Aw? sin wt

y, = B sin wt and y, = —Bw? sin wt

[(kbeam + 2K g psorre i mlwz)A = 2kabsorberB] sin wt = Q sin({}t)
[_ZkabsorberA T+ (Zkabsorber — ZmeZ)B] sinwt = 0

2

Kbeam + 2Kapsorper — M1 @ —2kapsorber ] Asin (Ut] il [Q Sin(Qt)]
0

2 »
_Zkabsorber 2kabsorber - Zmzw B sin wt

CY =F



TWQO DOF SYSTEM-VIBRATION ABSORBER

®* Free response

i 2
kbeam + 2kabsorber —mw _Zkabsorber -0
| =
i _Zkabsorber 2kabsorber i Zmzw
4 i 2 -
Zmlmza) . _Zmlkabsorber T 2TnZCkbeam + Zkabsorber]w + Zkbeamkabsorber =0

® Natural frequency

—— + Vb2 — 4ac
a) f—
2a

a=2mym,;b = _(Zmlkabsorber + 2m, (kbeam + Zkabsorber)); € = 2KpeamKapsorbet




TWQO DOF SYSTEM-VIBRATION ABSORBER

CY =F
Y =C1F = ad](C)
det(C)
[A sin a)t] _ 1 IZkabsorber - Zmz(‘)z Zkabsorber ] [Q Sin(Qt)]
B sin wt A 2Kapsorber Kpeam + 2Kapsorver — Tnl(‘)2 0

1
A= Z (Zkabsorber = ZmeZ)Q

1
B = Z ZkabsorberQ



TWQO DOF SYSTEM-VIBRATION ABSORBER

®* Obijective: reduce amplitude A to zero

®* Set A to zero

1
0= Z (Zkabsorber — Zmzwz)Q

® Antiresonance frequency

k absorber

m;




TWQO DOF SYSTEM-VIBRATION ABSORBER

Amplitude
(mm)

15 16 17 18
Frequency (Hz)




VIDEO DEMO- MODE 1 & MODE 2
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VIDEO DEMO-VIBRATION ABSORBER

=== mechanical ~==| mechanical

engineering engineering




STUDIO

Find the free-vibration response of the system shown in Figure with k; = 30, k,
5k; =0, my = 100m, =, and ¢; = ¢, = ¢3 = 0 for the initial conditions
x1(0) = 1,%,(0) = x,(0) = x,(0) =0

H(O) Ky

‘-1 X

kl.xl " 17 11)
. 1
(71_-)':1 ("\(l“\

Spring k; under tension Spring k, under tension Spring k5 under
for +x for +(x, — x;) compression for +x,

(b)




Free-Vibration Response of a Two-Degree-of-Freedom System

Find the free-vibration response of the system shown in Fig. 5.5(a) with ky = 30, k> = 5. k3 = 0,
my = 10,m; =1, and ¢ = ¢ = ¢; =0 for the initial conditions x;(0) = 1,x(0) =
.3(3[{}] == lj(ﬂ:} = 0.

Solution: For the given data, the eigenvalue problem, Eq. (5.8), becomes

I:—mle—l—k] +ky =k XL _)o
—k, — mw’ + ky + ks || X, 0

—10w* + 35 =5 X 0
[ @ . 18 = (E.1)
-5 -’ +5 || X 0

By setting the determinant of the coefficient matrix in Eq. (E.1) to zero, we obtain the frequency
equation (see Eq. (5.9)):

10w* — 85w” + 150 = 0 (E.2)
from which the natural frequencies can be found as

4

w] = 2.5,




The substitution of w* = w] = 2.5 in Eq. (E.1) leads to X,(, ) = QXE]). while @® = w3 = 6.0 in
2 7 £
Eq. (E.1) yields X{z_] = —SXE'), Thus the normal modes (or eigenvectors) are given by

The free-vibration responses of the masses m; and m, are given by (see Eq. (5.15)):

x(1) = X1V cos (158112 + ¢,) + X1 cos (2.4495t + ¢) (E.6)
x(1) = 2X4 cos (158117 + &) — 5X\ cos (2.44951 + &,) (E.7)

where X{ll?, X'E”, ¢, and ¢, are constants to be determined from the initial conditions. By using the

given initial conditions in Eqs. (E.6) and (E.7), we obtain
= X{l”cos ¢ + X{l”coség (E.8)
= 2x\" cos ¢, = 5x1%) cos ¢, (E9)
0 = —1.5811x\" sin ¢, — 2.4495X\¥ sin ¢, (E.10)
(E.11)

The solution of Egs. (E.8) and (E.9) yields

5 2
Xil}cuscb, = XEJJ cos ¢y = ?

X{l”I cos ¢ + X{lz) cOos ¢
ZX{ll}cos b — SXEE)CDS(‘bj
0 = —1.5811x\" sin b, — 2.4495X'? sin ¢,
= —3.1622x\" sin ¢, + 12.2475x(? sin ¢,

The solution of Egs. (E.8) and (E.9) yields

5 2
X{ll)cosd}, = ?, ng) cos ¢y, = ;

while the solution of Eqs. (E.10) and (E.11) leads to

XWsing; =0,  xPsing, =0

Equations (E.12) and (E.13) give
0= 4 -0
1 _Jlr.. 1 »
Thus the free-vibration responses of mj and m; are given by

5 2
x1(t) = =cos 1.5811r + —cos 2.4495¢
7 7

10 10
x(t) = ~ cos 1.5811r — = cos 2.4495¢

The graphical representation of Egs. (E.15) and (E.16) is considered in Example 5.17.




