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What is the definition of Static Failure?

= QObviously fracture is a form of failure

= |n some components yielding can also be considered as failure, if
yielding distorts the material in such a way that it no longer functions

properly
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Session Outlines

= Review failure criteria for ductile materials under static
loading (Sec. 5-3 to 5-5, 5-7)

— Maximum Shear Stress Theory

— Distortion Energy Theory

Calculate critical stresses

= Review characteristic stresses under press-fit

Apply failure theories for press-fit pass/fail assessment
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Technical Overview

= A static load is a stationary force or couple applied to a member.
— To be stationary, the force or couple must be unchanging in
magnitude, application locations, and direction.

— A static load can produce axial tension or compression, a shear
load, a bending load, a torsional load, or any combination of
these.

= Strength is a property or characteristic of a mechanical element,
which is the resistance to failure of a mechanical element.
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Material Testing (ASTM E8 Uniaxial Tensile Test)
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= Uniaxial Loading — System is subjected to one type of loading only:
axial tension/compression, bending, or torsion.
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Stress Element in Engineering Systems
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= Multiaxial L-éa-dinq — In a real engineering system, loading condition is
usually more complicated than simple loading. Multiple loading types
simultaneously acting on the system is more typical.
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Failure Prediction vs. Failure Testing

= |deally, failure prediction should be based on data
collected from full-sized prototype testing under
application environment.

= |n reality, it is usually benchmarked against criteria
established from test data collected from simple
“‘coupon’ testing.
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Failure Predictions Theories

5-4 Maximum-Shear-Stress Theory for Ductile Materials
5-5 Distortion-Energy Theory for Ductile Materials
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Failure Prediction Theories

Maximum-Shear-Stress Theory

= Failure occurs whenever the
maximum shear stress (T,,4,)
in a design part exceeds the
max shear stress at yield point
in a tensile test specimen of

the same material
01 — 03
T —_—
max 2

Distortion-Energy Theory (DET)

= Failure is assumed to occur
whenever the octahedral shear
stress (t,.¢) for any stress
state equals or exceeds the
octahedral shear stress for the
simple tension-test specimen
at yield point.

V2

Toct = ? O¢

= % [(0; — 02)2 + (05 — 03)% + (03 — 0,)?]Y/?
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Maximum-Shear-Stress (Tresca) Theory

Design Part
= Given o> 0, > 03, maximum shear stress is (Sec. 3-7)
_ 01-03
(Tmax)design I |

Simple Tension Test &y

= For simple tension test (ASTM E8) at yield, 5,=S, , 6, = 53=0.

= Thus maximum shear stress theory predicts that failure will occur
S
when  (T;qx)Es = 73' or 0, — 03 =S,

= DET assumed design part reaches failure point when

S
(Tmax)design > (Tmax)Es = 73/

= To incorporate a factor of safety, n:

S
n = (Tmax)Es — y/z — Sy

(Tmax)design (Tmax)design (0'1_03)design
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Example

A hot-rolled steel has a yield strength of S = 100 ksi. And is subjected
to the stress states of o, = 70 ksi, 0, = 70 ksi, Ty = 0 kpsi

What is its safety factor per Max Shear Theory?
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Example

A hot-rolled steel has a yield strength of S = 100 ksi. And is subjected
to the stress states of o, = 70 ksi, 0, = 70 ksi, Ty = 0 kpsi

What is its safety factor per Max Shear Theory?

* hot-rolled steel » Ductile material
* Since 1,,=0; » 0,=0,=70ksi » 0,=0,=70ksi,03=0

01—03 70—-0 . o
Tmax = =—— =35 ksi s, e ]
2 2 -
b
« Safety Factor n o a < .
S g
Y/ 100/2 &
n= 2 = = 1.43 ol = 2
Tmax 35 5 RS § A
v L a8 ¥
'\Qﬂ
‘%;L
Case 2
‘.‘ _51'
‘// Ill .
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Distortion-Energy Theory (DET)

Materials can take enormous hydrostatic pressures (e.g., rocks deep
in the earth that see pressures well above their compressive
strength) and not fracture — suggesting that it must be distortion that
causes failure.

T — 0y,

O3 — Oy

(a) Triaxial stresses (h) Hydrostatic component (c) Distortional component

DET essentially computes the total strain energy and subtracts the
volume change energy to get the distortion energy.

Refer to Sec. 5-5 for detailed derivation of the von Mises stress
using xyz three-dimensional stress
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Distortion-Energy Theory (DET)

Failure is assumed to occur whenever the octahedral shear stress
(t,c¢) fOr any stress state equals or exceeds the octahedral shear
stress for the simple tension-test specimen at yield point. 7,

Design Part :li
3 von Mises equivalent stress 4

, 1/2 % F
O, = \/_ [(O’x ay) + (O'y JZ) + (0, —0,,)° + 6(Txy + TyZ + sz)]

or in principal stresses: g, = \/—E[(al — 02)% + (05 — 03)% + (03 — 01)?]Y/?

Octahedral shear stresses

V2

1
(Toct)design = ?O_e = § [(0'1 - 0'2)2 + (0'2 — 0'3)2 + (0'3 — 0-1)2]1/2
Simple Tension Test
" (04=S,, 0,=063=0). The 7, atyield point under simple tension is

N
3%y
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Distortion-Energy Theory (DET)

= DET assumed design part reaches failure point when

V2

(Toct)design = (Toct)Es = ?Sy

= \When using von Mises equivalent stress, this also reduces to

1
0o = —=[(07 — 02)* + (03 — 03)% + (03 — 09)?]Y/% = Sy

V2

1 2 2 2 2 2 2 \]?
O, = E [(ax - ay) + (ay - O'Z) + (0, — 0,)° + 6(Txy + Ty, + sz)] =5,

= Safety Factorn: n=-=

= Note that, under hydrostatic pressure case (c,=c,=c,), von Mises
equivalent stress ¢.=0. DET predicts no failure occurred.
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Graphical lllustration of DET Theory Under Plane Stress

Under plane stress state (5;=0): Fig. 5-9 oy
(a)
o = [0f — 010, + 02]Y/% = 5, 2
0. = |0 — ox0y + 07 + 31,%},]1/2 > S,
. _(b)
= Factor of safety, n:n = G—y
Oy
= MSS Theory provides a lower SF
than DET in most cases. S 0
= Case (a) is a special case where
SF from MSS is identical to SF
from DET ——— MSS
=== Load lines
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Example

Example: A hot-rolled steel has a yield strength of S = 100 ksi. And is
subjected to the stress states of

(@) o, =70 ksi, 0, = 70 ksi, 1,, = 0 kpsi

What is its safety factor per Distortion Energy Theory?

Solution:
1
0e = (01 = 02)° + (0, — 09)* + (03 - 01)?]*/2

o, = [0 — 0,0, + 0#]Y/% = [70% — 70 * 70 + 70%]Y/2 = 70 Ksi

100
Safety Factor = =0 = 1.43

Note that, in this case, SF from DET is the same as MSS
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MSS versus DET Comparison

= Historical test data indicates that DET is more accurate than MSS in
predicting failure point than MSS.

= DET is a prevailing design criteria.

= However, MSS does use when applications warrant greater
conservativeness. il e g

Ni-Cr-Mo steel
AISI 1023 steel
2024-T4 Al
3S5-H Al

H O + O
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Press-Fit Failure Assessment

= Apply characteristic stresses resulting from press-fit to
MSS and DET failure theories
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Stresses at Press Fit Interface

= |nterfacial Contact Pressure

)
P_b 1 C2+R2_|_ _|_l M_ .
E\cZ—Rz2 " Vo) TE\Rz—q2 Vi

= Radial Stress (0,)p, = (0,)p, = —P
= Hoop Stress

o
%

R? + g2 c? + R?
R2 _ g2 (0g)p, = P 2 _ R2

(O-Q)bi =—P

Note that:
e Critical stress is at the interference-fit interface
« Weak link is the hub ID surface, not the shaft OD surface
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Stress Distribution on Hub ID Surface

= On hub ID surface, principal stresses are:

2R2
o =—P <0 09=PZ+

>0 o0,=0 (0g >0,>0,)

= Per MSS criterion, press-fit fails @hub ID when:

2
og—0r Sy 2¢
T =—— 2= =
max 2 = 9 c2—R?2 y

= Per DET criterion, press-fit fails @hub ID when:

I =5,

O, = [01.2 — 0.0¢ + 0§
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Design Workflow Discipline
Everything we do in this class, we will follow this discipline.....

1. Design 2. Analysis M 4. Judgement

Theorize Establish
> Failure » Pass/Failure
- Mechanisms Criteria
Given .
Design | Stzing
. Parts
Scenario =
Calculate ) .
R Critical | Assess Yes | Design
Failure Risk Review
Force/Stress
No

Sichuan University - Pittsburgh Institute 22 m
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Typical Material Stress-Strain Curve
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Example

An aluminum cylinder (E=70GPa, v=0.33) with an outer radius of 150mm and
inner radius of 100mm, is press-fitted over a steel cylinder (E=200GPa,
v=0.29) with an outer radius of 100.25 mm and inner radius of 50mm.
Calculate safety factor of the design per MSS and DET criteria.

)

71 (c? + b2 1 (b2 + a?
bz (gt ve) 5 (g )|

P

3
%
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Example (Cont’d) ,

Solution: 3

Hub material: aluminum (E_=70GPa, v,=0.33)
Shaft material: steel (E=200GPa, v,=0.29)

c=150mm; b=100mm; a=50mm; 6=0.25mm

0.25
b= ool 1 (1502 F1002 33> L1 (1002 +502_ 29>] =513 MPa
70000 \1502 — 1002 © *-33) * 200000 \ 1002 — 502 ~ %"

On hub ID surface, radial stress: g, = —P = —51.3 MPa

2 2 2 2
oAb _ 5 3 BOHI00% _ 433 384Pa
c2—p?2 1502—-1002

Assume hub material is T6 cast aluminum. Table A-24 shows that its typical
yield strength S,, = 165MPa

Hoop stress: og=P
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HE O R EEEEEEEEEEEEEIL,—
Example (Cont’d)

Solution:

Max shear stress on hub ID surface:

_ 90=0r _ 13338=(=513) _ g5 341p

T =
max 2 2

165
2:92.34

Safety factor per MSS: n = = 0.89 < 1, which indicates hub will fail.

Equivalent stress on hub ID surface:

o, = [02 — 0,00 + 02]"* = (=51.3)2 — (—51.3)(133.38) + 133.382 = 165 MPa

Safety factor per DET: n = 1—:? = 1, which indicates hub safety is marginal and

leans towards the failure side.
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