
MEMS1028 

Mechanical Design 1

Lecture 2 

Load & stress analysis (Beams)



Objectives

 Construct shear force & bending moment 
diagrams for different beam loadings and 
support conditions 

 Analyze the flexure stress & transverse 
shear in beams  

 Design of prismatic beams and curved 
beams based on given specifications 

 Understand the limitations of the design



Introduction

• A beam is a common structural member subjected to transverse loads to 

withstand significant bending effects as oppose to twisting or axial 

deformation

• When a beam is loaded by forces or couples, stresses and strains are created 

throughout the interior of the beam 

• To determine these stresses and strains, the internal forces and internal 

couples that act on the cross sections of the beam must be found



Shear force & bending moment

𝑑𝑀

𝑑𝑥
= 𝑉 or   𝑉𝐷 − 𝑉𝐶 = 𝑉𝐶׬−

𝑉𝐷𝑤𝑑𝑥

𝑑𝑉

𝑑𝑥
= − w  or    𝑀𝐷 −𝑀𝐶 = 𝑥𝐶׬

𝑥𝐷 𝑉 𝑑𝑥
➢ Deflection = y

➢ Slope = dy/dx = 
➢ Distributed load = w

➢ Shear force = V

➢ Bending moment = M

1

𝜌
=
𝑀

𝐸𝐼
=

Τ(𝑑2𝑦 Τ𝑑 𝑥2)

1 + Τ𝑑𝑦 𝑑𝑥 2 Τ3 2

For small :  
1

𝜌
≈

𝑑2𝑦

𝑑𝑥2



Shear force & bending moment

• V and M at a point are determined by passing 

a section through the beam and applying an 

equilibrium analysis on the beam portions

• The process can be tedious and time-

consuming when several intervals and several 

sets of matching conditions are needed

• The problem is that the shear and moment 

could only be rarely described by a single 

analytical function

• Remember the sign conventions for V and M :



Illustrative example 1

𝑃 +
𝑤𝐿

2

𝑃𝐿

4
+
3𝑤𝐿2

8

Singularity functions can help 

reduce the labour by making 

V or M represented by a 

single analytical function for 

the entire length of the beam



Singularity functions

A singularity function is 

expressed as 𝑥 − 𝑎 𝑛 where 

n is any integer (positive or 

negative) including zero, 

and a is a constant equal to 

the value of x at the initial 

boundary of a specific 

interval along the beam 

(note: the singularity 

functions are for loading q)



Illustrative example 2
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For 0  x  L



Illustrative example 2
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Shear force diagram

Bending moment diagram
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Normal stress in beams

Normal stress  = −
𝑀𝑦

𝐼

▪ Normal stress due to bending

The maximum internal bending moment M in the 

beam can be found from the bending moment diagram

I = second-area moment about z-axis

S = I/c = section modulus

𝑚𝑎𝑥 =
𝑀𝑐

𝐼
=
𝑀

𝑆

max =
𝑀max𝑐

𝐼𝑧

Max bending 

stress, Pa

Max internal bending moment, (Nm) Max distance from 

NA to outer fiber (m)

Moment of inertia (m4)

max =
𝑀

𝑆𝑧
Or in general:



Beam section properties

Moment of inertia

Section modulus

Radius of gyration

Note the 

change in 

the x axis 

definition



Two-plane bending

Quite often, in mechanical design, bending occurs in both xy and xz planes 

Considering cross sections with one or two planes of symmetry only, the bending 

stresses are given by

𝜎 = −
𝑀𝑧𝑦

𝐼𝑧
+
𝑀𝑦𝑧

𝐼𝑦



Asymmetrical cross section

❖ For non-symmetric cross-sections we must find new principal axes, Iy and Iz

Refer to notes (in BB) on how to find the principal axis for non-symmetric 

cross-sections

❖ The moments must also be resolved to about the principal axis 

❖ Apply the two-plane analysis about the principal axes

Example of unsymmetrical cross-section:

New principal z axis

New principal y axis



Shear stress in beams

Shear stress ave =
𝑉𝑄

𝐼𝑡

The maximum internal shear force V in the beam can be found from the shear 

force diagram. To find Q, Integration may not be needed for simple shapes

t = beam thickness

𝑄 = 𝑦𝑑𝐴׬ = moment of area above t about N.A.

• Q is taken about the NA for the entire cross section

• The determination of the shear stress involved a cut 

area (e.g. bottom area A’ below the cut)

• To find Q for simple shapes, we need the cut area about 

distance between the NA and centroid of cut area (i.e. 

distance ഥ𝑦′), i.e.
'A'yQ =



Illustrative example 3
Determine the first moment of area Q for the areas indicated by the shaded areas 

“a” and “b” (all dimensions in mm)

First, locate the neutral axis for the entire area:

𝑦𝑐 =
1 2×6 +(2+3)(2×6)

2×6+2×6
= 3mm from base

𝑄𝑎 = 5 − 1.5 3 × 2 = 21mm3;

𝑄𝑏 = 3 − 1.5/2 1.5 × 6 = 20.25mm3;
Where will max Q occur?



Shear stress - common sections



Shear formula accuracy

How accurate is the shear stress formula?



Example 1

A steel wide-flange beam has the dimensions shown. If it is subjected to a 

shear of V = 80kN. Plot the shear-stress distribution over the beam’s cross-

sectional area



Example 1

𝐼 =
1

12
0.015 0.2 3 + 2

1

12
0.3 0.02 3+ 0.3 0.02 0.11 2

= 155.6 10−6 m4;

Due to symmetry, only shear stresses at points B’, B, and C have to be found

B’ belongs to the 

flange; B belongs 

to the web (B’ and 

B are considered 

to be at the flange-

web junction with 

QB’=QB but tB’tB)



Example 1
𝑄𝐵 = 𝑄

𝐵
′ = ǉ𝑦′𝐴

′ = 0.11 0.3 0.02 = 0.66(10−3)m3;

For point B’, tB’=0.3m and


𝐵
′ =

𝑉𝑄𝐵′

𝐼𝑡𝐵′
=

80000 [0.66 10−3 ]

155.6(10−6)(0.3)
= 1.13MPa

For point B, tB=0.015m and

𝐵 =
𝑉𝑄𝐵

𝐼𝑡𝐵
=

80000 [0.66 10−3 ]

155.6(10−6)(0.015)
= 22.6MPa

For point C, tC=0.015m and

𝑄𝐶 =෍ ǉ𝑦′𝐴
′ = 0.11 0.3 0.02 + 0.05 0.015 0.1

𝑄𝐶 = 0.735(10−3)m3;

𝐶 =
𝑉𝑄𝐶

𝐼𝑡𝐶
=

80000 [0.735 10−3 ]

155.6(10−6)(0.015)
= 25.2MPa



Example 1

Where will max  occur?

Where will sudden changes in  occur?



Shear flow

❖ Shear flow q (N/m) is a measure of the shear force per unit length along the 

longitudinal axis of the beam

❖ It is used to determine the shear force developed in fasteners and glue that 

hold various segments of the beam together

❖Value of q changes over the cross section, since Q will be different for each 

area segment

❖ Shear flow will always act parallel to the walls of the member, since section 

on which q is calculated is taken perpendicular to the wall

𝑞 = 𝜏𝑡 =
𝑉𝑄

𝐼



Shear flow in built-up members

Shear flow q will be resisted 

by a single fastener

Shear flow q will be resisted 

by two fasteners

To design the fasteners, we need to know the shear force to 

be resisted by the fastener along the member’s length 

𝑞 =
𝑉𝐹
Δ𝑠

𝑞 =
2𝑉𝐹
Δ𝑠



Prismatic beam design

❖ The Vmax is then used to ensure that the  < allow.

❖ If there are fasteners, then fastener strength (or size) 

will need to be determined using shear flow q 

❖ Beams are structural members designed to support loads applied perpendicular 

to the longitudinal axis

❖ With beams there are two stresses to deal with normal stress, , and shear 

stress, 

❖ Bending stress  is generally the critical stress (i.e. for long beams where L/h 

>10). Hence, beam design usually involves finding the Vmax and Mmax from the 

shear force and bending moment diagrams and then using Mmax to determine 

the material and design the beam cross section based on allow.



Prismatic beam design



Curved Beams
 For curved beams, we assumes that the cross-sectional area is constant 

 The cross section has an axis of symmetry in the plane of bending

 The location of the neutral axis with respect to the center of curvature O is 

given by rn:

Stress distribution 

is given by

𝜎 =
𝑀𝑦

𝐴𝑒(𝑟𝑛 − 𝑦)

Critical stress occurs at 

inner and outer surfaces:

𝜎𝑖 =
𝑀𝑐𝑖
𝐴𝑒𝑟𝑖

𝜎𝑜 =
𝑀𝑐𝑜
𝐴𝑒𝑟𝑜



Curved Beams



Curved Beams



Example 2

A crane hook having an approximate 

trapezoidal cross-section is shown (all 

dimensions are in mm). It is made of plain 

carbon 45C8 steel (Syt = 380MPa) and the 

factor of safety is 3.5; Determine the load 

carrying capacity of the hook

The permissible tensile strength is


𝑚𝑎𝑥

=
𝑆𝑦𝑡

(𝑓𝑠)
= 108.57MPa;

Use known cross section to determine rc and rn given ri=50mm; bi=90mm;

bo=30mm; h=120mm

𝑟𝑐 = 𝑟𝑖 +
ℎ

3

𝑏𝑖+2𝑏𝑜

𝑏𝑖+𝑏𝑜
= 100mm; and 𝑟𝑛 =

𝐴

𝑏𝑜−𝑏𝑖+[ Τ(𝑏𝑖𝑟𝑜−𝑏𝑜𝑟𝑖) ℎ]ln( Τ𝑟𝑜 𝑟𝑖)
= 89.18mm

Note: ci=(89.18 - 50) = 39.18mm



Example 2

Given ri=50mm; bi=90mm;  bo=30mm; h=120mm;

Found 
𝑚𝑎𝑥

= 108.57MPa; 

𝑟𝑐 = 100mm and 𝑟𝑛 = 89.18mm; ci=39.18mm

Eccentricity 𝑒 = 𝑟𝑐 − 𝑟𝑛 =10.82mm

Area 𝐴 =
1

2
𝑏𝑜 + 𝑏𝑖 ℎ =7200mm2;

Direct tensile stress due to P is


𝑡
=

𝑃

𝐴
= 1.39𝑃(10−4)MPa;

Critical tensile stress due to bending occur at inner 

fibre: 𝑏𝑖 =
𝑀𝑐𝑖

𝐴𝑒𝑟𝑖
=

𝑃𝑟𝑐𝑐𝑖

𝐴𝑒𝑟𝑖
= 10.06𝑃(10−4)MPa;

Using the principle of superposition:  𝑡 + 𝑏𝑖 = 𝑚𝑎𝑥 or  

11.45𝑃 10−4 = 108.57; Hence P = 94.8kN

P

M


